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Summary

In this work we considestatistical learning problemdA learning machine aims to extract information
from a set of training examples such that it is able to pretiietassociated label on unseen examples.
We consider the case where the resultifagssificationor regressiorrule is a combination o§imple
rules— also calledase hypotheseFhe so-calledhoosting algorithmgeratively find aweighted linear
combinatiorof base hypotheses that predict well on unseen data. Wesaditie following issues:

= The statistical learning theory framework for analyzingting methods

We study learning theoretic guarantees on the predictiofopeance on unseen examples. Recently,
large margin classification techniquesnerged as a practical result of the theory of generalizatio
in particular Boosting and Support Vector Machines. A langargin implies a good generalization
performance. Hence, we analyze how large the margins intingasre and find an improved algorithm
that is able to generate theaximummargin solution.

= How can boosting methods be related to mathematical opiiiz techniques?

To analyze the properties of the resulting classificatioregression rule, it is of high importance to
understand whether and under which conditions boostingerges. We show that boosting can be
used to solve large scale constrained optimization proglevhose solutions are well characterizable.
To show this, we relate boosting methods to methods knowm freathematical optimization, and
derive convergence guarantees for a quite general famiposéting algorithms.

= How to make Boosting noise robust?

One of the problems of current boosting techniques is thet #re sensitive to noise in the training
sample. In order to make boosting robust, we transfer thé mafgin idea from support vector
learning to boosting. We develop theoretically motivatedularized algorithms that exhibit a high
noise robustness.

= How to adapt boosting to regression problems?

Boosting methods are originally designed for classificafimblems. To extend the boosting idea to re-
gression problems, we use the previous convergence resudtielations to semi-infinite programming
to design boosting-like algorithms for regression proldekive show that thedeveraging algorithms
have desirable theoretical and practical properties.

= Can boosting techniques be useful in practice?

The presented theoretical results are guided by simulaésalts either to illustrate properties of the

proposed algorithms or to show that they work well in praztid/e report on successful applications
in a non-intrusive power monitoring system, chaotic timeeseanalysis and a drug discovery process.

Keywords Boosting, Large Margin Classification, Support Vectorsgfssion, Regularization,
Mathematical Optimization, Power Monitoring, Time Serfggalysis, Drug Discovery






Preface

| started my research dooosting methodalready in December 1997 while working on
my Master’s thesis. In May 1998 — when | was starting my PhD edidied to continue

working on boosting, since these seemingly simple algorithre quite difficult to analyze
and not fully understood. | noticed that the more | underdtoow they are functioning,

the more challenging and exciting problems emerged thaé wesolve. Since | had to

focus on the most interesting aspects, some questionsestiiin un-answered, although
the understanding is now much deeper than before and, in l&sd to new practical

algorithms.

The work for my Master was based on empirical results and liperithms proposed
there were mainly motivated by intuitions or analogies. e present thesis | worked
out these intuitions more theoretically, and hence, it &ackhat it contains more theory
than applications. In this thesis | will report on two reabnd applications only. There
are indeed more, and | actually devoted a large part of myrtsfio applying machine
learning techniques to e.g. DNA and protein analysis proklgcf. Zien et al., 2000,
Tsuda et al., 2002, Sonnenburg et al., 2002], drug discaesis [cf. Ratsch et al., 2002,
Warmuth et al., 2002], optical character recognition (O@R)blems [e.g. Mika et al.,
2000a], particle physics data [cf. Vannerem et al., 1998]etseries analysis [cf. Muller
etal., 1999, Ratsch et al., 2002], problems originatiegfthe electric power industry [cf.
Onoda et al., 2000], and recently also fraud detection.

This thesis does not contain my contributions to superviegdel methods [cf. Mika
etal., 1999a, 2000b, 2001, Miller et al., 2001], nonlirfeature extraction [cf. Scholkopf
et al., 1998, Mika et al., 1999b, Scholkopf et al., 1999bk&/et al., 2000a], novelty &
outlier detection [cf. Ratsch et al., 2002], time seriegnsentation [cf. Kohlmorgen et al.,
2000], and meta-learning [cf. Tsuda et al., 2001].

| tried to make the presentation as self-contained as pessitowever, due to a lack
of space, | had to omit details, which might be necessary fillaunderstanding — but
they can easily be looked up in referenced work. For readsramiliar with the machine
learning setting, | suggest to start reading in Chapter lickvigives a brief review of
statistical learning theory, Boosting and Support Vectachines for classification. The
others might start reading in Chapter 2, which gives an aimabf Boosting. Nevertheless,
this chapter is not absolutely necessary for understantimgubsequent chapters. Those
that are interested in the convergence analysis of Boosying algorithms should read
Chapter 3, which introduces the basic tools for subsequegiters. Finally, practitioners
might just want to read some parts of Chapter 4 and ChapteuBderstand how the new
algorithms work and to become convinced that the propoggditthms are useful and easy
to use in practice.
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1 Introduction and Preliminaries

1.1 Overview

This thesis falls into the broad field éfrtificial Intelligence which aims to mimic intel-
ligent abilities of humans by machines. In the field\éichine Learningwhich evolved
from artifical intelligence research, one considers thedrtgnt question of how to make
machines able to “learn”. Learning in this context is untlewd asinductive inference
where one observesxampleghat represent incomplete information about some “statis-
tical phenomenon”. Irsupervised learnings considered in this thesis, there isabel
associated with each example. It is supposed to be the absweguestion about the ex-
ample. If the label is discrete, then the task is cadlledsification problers otherwise, for
real-valued labels we speak ofegression problemBased on these examples (including
the labels), one is particularly interestedpi@dictthe answer for other cases before they
are explicitly observed. Hence, learning is not only a goestf remembering but also of
generalization to unseen cases

Machine learning rests upon the theoretical foundatioStatistical Learning Theory
[e.g. Vapnik, 1995]. It provides conditions and guarantB®sgood generalization of
learning algorithms. In Section 1.2 we will give some bagfitions and results of this
theory. Within the last decadigrge margin classification techniquésve emerged as a
practical result of the theory of generalization. Rouglgaking, the margin is the distance
of the example to the separation boundary and a large mdagsifier generates decision
boundaries with large margins to almost all training exaespl he two most widely studied
classes of large margin classifiers &ugport Vector MachindSVMs) [Boser et al., 1992,
Cortes and Vapnik, 1995] ariBloosting[Valiant, 1984, Schapire, 1992]. In this thesis we
consider boosting-type algorithms.

The basic idea of boosting artisemble learning algorithnis general is to iteratively
combine relatively simplbase hypothesessometimes callexiles of thumb- for the final
prediction. One uses laase learneithat generates the base hypotheses. In boosting and
most other ensemble learning algorithms the base hypalaesdinearly combined. In the
case oftwo-class classificatigrthe final prediction is the weighted majority of the votes.
In regression it is the weighted average of the individuadgtions. The combination of
these simple rules can boost the performance drastically.

Past years have seen strong interest in boosting methquistioularAdaBoos{Freund
and Schapire, 1994], due to their initial success in prattilassification applications [e.g.
Drucker et al., 1993, 1994, LeCun et al., 1995, Freund ané8od, 1996b, Maclin and
Opitz, 1997, Schwenk and Bengio, 1997]. The good performafdoosting algorithms
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was explained by the PAC theory [cf. Valiant, 1984]. It wa®wh that AdaBoost has
the so-called®?AC boostingoroperty: If the learner generating the base hypothesesis |
slightly better than random guessing, AdaBoost is able thdicombined hypothesis with
arbitrary high accuracy (if enough training examples ailable).

Later it was found that there is another explanation basethige margins showing
that AdaBoost and SVMs are intimately related. It has beénted out that AdaBoost
generates combined hypotheses with large marginalloexamples [cf. Schapire et al.,
1998, Grove and Schuurmans, 1998, Breiman, 1999, Onoda, €t9818]. A learning-
theoretic guarantee was derived, which states that cordiygotheses with large margins
generalize well [Schapire et al., 1998]. However, it wasareshown whether one can
actuallymaximize the margiwith boosting techniques. We give an answer to this question
in Chapter 2.

The large margin separation is found by minimizing soex@onential loss function
depending on the predictions of the combined hypothesis@training examples. There
is the interesting question, why boosting-type algorithemsl to maximize the margin only
by minimizing such loss function. We have found an explamsly relating AdaBoost-like
algorithms to techniques known from mathematical optittidra In Section 2.5 it is shown
that they are implementing a so-callbdrrier optimization techniquéo approximately
solve alinear optimization problem

Later it was found empirically that Boosting methods tendyémeralize well on low
noise problems only [e.g. Quinlan, 1996, Breiman, 1999 v&rand Schuurmans, 1998,
Ratsch et al., 2001, Mason et al., 1998], namely, if the Ifalbé the examples in the
training set can be assumed to be correct and determinigtcmanputed by soméarget
hypothesisSo boosting methods were restricted to the analysis of@henona with low
noise. Whereas the problem of non-separability had becdeas gery early for SVMs
since some equations do not have a solution, it was not aearlbng time for AdaBoost,
since the combined hypothesis found by AdaBoost was oftkém&aningful, even if no
combined hypothesis with large margin exists. This issukbei explicitly analyzed and
clarified in this thesis.

These practical problems led to new developments of bapsyipe algorithms that take
the statistical nature of the examples and labels into adcfmig. Mason et al., 1998,
Ratsch et al., 2001, Friedman et al., 2000, Domingo and W&, 2000, Moerland and
Mayoraz, 1999, Singer, 2000, Aslam, 2000, O’Sullivan et2000, Ratsch et al., 2000a,
Krieger et al., 2001, Demiriz et al., 2001b]. In Chapter 4 itl\we been shown that
the soft marginmaximization techniques utilized in support vector maekifiBennett
and Mangasarian, 1992, Cortes and Vapnik, 1995] can belyeadapted to produce
regularizedensembles for classification [cf. Ratsch et al., 2001, 20B®nnett et al.,
2000]. Our approach was one of the first solutions to redueeptbblem ofoverfitting
in boosting. The proposed algorithms extend boosting-&fgerithms to the case of noisy
data and thus make them a powerful state-of-the-art legeichnique, next to SVMs.

Modifications of AdaBoost are often based on the idea to oeplae exponential loss
function with another function or to directly modify the algthm [see also Margineantu
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and Dietterich, 1997, Schapire and Singer, 1999, Das, 28@dimelech and Intrator,
1999a, Meir et al., 2000, Lazarevic and Obradovic, 2001]weler, for most of the
proposed algorithms it is not clear whether and under whhdiions they converge
to a meaningful result. In Chapter 3 we analyze a large familguch algorithms in
terms of their convergence properties. We derive sufficoemiditions for convergence to
the minimum of some empirical loss. This result closes areéigiap between existing
algorithms and their theoretical understanding in terntheir convergence to well-defined
solutions. We exploit theses results in Chapter 4 and Chéapt prove the convergence
of the proposed algorithms.

Motivated by the success of boosting methods in the claa8dit setting, it has been
attempted by several researchers to transfer boostingitpods to regression problems
[e.g. Freund and Schapire, 1994, Fisher, 1997, Bertoni.etl807, Friedman, 1999,
Avnimelech and Intrator, 1999b, Ridgeway et al., 1999, Puthd Helmbold, 2000a,
Ratsch et al., 2000c, Shawe-Taylor and Karakoulas, 20etex and Pitassi, 2001].
However, it was experienced that this transformation ikeatifficult, and for long no
convincing boosting-like algorithm has been found for esgion that is theoretically
founded and works well in practice. In Chapter 5 we develaslgorithms. One major
difficulty is rigorously defining the regression problem in &finite hypothesis space.
Whereas in classification the hypothesis space is ofterfifuit regression even relatively
simple hypothesis spaces consist of an uncountable infiettef hypotheses. It & priori
not clear how to even express a regression problem in antmfiypothesis space from an
optimization point of view. Clearly one can only practigatlonsider ensemble functions
that are a linear combination of sorsenall subsebf the set of possible hypotheses. In
Section 5.3, we study directly the issue of infinite hypoihispaces and implications for
regression algorithms.

A central part of this work considers the convergence prigeeof boosting-like algo-
rithms. Our analysis relates those algorithms to conveiopation techniques, leading
to clear statements, whether, under which conditions amdfhst the output of the con-
sidered algorithms converge to a solution of a mathemapicadramming problem. This
builds the basis for designing new algorithms and for ariatyzhem in the context of
learning theory.

The presented theory is guided with simulation resultseeitb illustrate properties of
the proposed algorithms or to show that they work in praclic&eomparative simulation
studies we show that our algorithms are indeed very usefdllready to use for solving
practical problems. We report on successful real-worldligpfions in a non-intrusive
power monitoring system and in the drug discovery process.
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1.2 Statistical Learning — Some Background
1.2.1 The Learning Setting

Let us start with a general notion of the learning problenad tiee consider in this work.
The task of classification is to find a rule, which, based oemmel observations, assigns
an object to one of several classes. In the simplest casedheonly two different classes.
One possible formalization of this task is to estimate a fionc/ : X — Y, whereX is
the input domain an& = {—1,+1} is the set of possible labels (cf. Appendix B.1 for
a summary of the notation used in this work). One uses inpttd training data pairs
generated independent identically distributed (i.i.@9ading to an unknown probability
distributionP onZ = X x Y with densityp(z, y)

S:{(mlayl):"'a(mN:yN)}EZN: (11)

such thatf will correctly classify unseen examplés, y) € Z. An example is assigned to
the classt+1 if f(x) > 0 and to the class-1 otherwise. The test examples are assumed
to be generated from the same probability distributras the training data. The best
function f that one can obtain is the one minimizing the expected rislo Generalization
error)

RU%=/ﬂ%ﬂwD®mmn=EndﬁﬁfMD} (12)

where g denotes a suitably chosen loss function ahdnd Y are the random vari-
ables distributed according t®. For classification one often considers thgl-loss:
g(y, f(x)) = I(—yf(x)), wherel(z) = 0 for z < 0 andI(z) = 1 otherwise. The same
framework can be applied for regression problems, whegeR. Here, the most common
loss function is thequared lossg(y, f(x)) = (f(x) — y)?; see Chapter 5 and e.g. Smola
et al. [1998c], Smola [1998] for discussions of other lossctions. However, for the rest
of this introduction, we assume tiog1 loss.

Unfortunately the risk cannot be minimized directly, sirtbe underlying probability
distribution P(x,y) is unknown. Therefore, we have to try to estimate a functtuoat t
is closeto the optimal one based on the available information, he ttaining sample and
properties of the function clagsthe solutionf is chosen from. To this end, we need what is
called aninduction principle A particular simple one — callegimpirical risk minimization
(ERM) — consists in approximating the minimum of the risk2jlby the minimum of the
empirical risk

N
1
Remplf, 8] = 5 > 8Un, f(xn). (1.3)

n=1
Clearly, if the function class is “large” the empirical risk may deviate from the expected
risk drastically — this effect is callealverfitting(cf. Figure 1.1). One of the most important
problems in learning theory is to characterize, under wiichditions the empirical risk
minimization leads to estimates with small expected risk.
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In the following sections we will briefly introduce some maioncepts of statistical
learning theory.
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Figure 1.1 lllustration of the overfitting dilemma: Given only a smadiraple [left] either, the solid
or the dashed hypothesis might be true, the dashed one beiregoamplex, but also having a smaller
training error. Only with a large sample we are able to seewbecision reflects the true distribution
more closely. If the dashed hypothesis is correct the sotidldvunderfit [middle]; if the solid were
correct the dashed hypothesis would overfit [right]. (Fegtaken from Muller et al. [2001].)

1.2.2 VC Dimension and PAC Learning

A specific way of characterizing the complexity of a functwass is given by VC theory
[Vapnik and Chervonenkis, 1974, Vapnik, 1995, 1998]. Hée ¢concept of complexity
is captured by the Vapnik-Chervonenkis (VC) dimensibof the function clas$ that
the estimatef is chosen from. Roughly speaking, the VC dimension measwesnany
(training) examples can be shattered (i.e. separated)lfpossible labelings using func-
tions of the class [for an exact definition see e.g. Vapnik@hdrvonenkis, 1971, Vapnik,
1995].

Although the VC dimension is an important concept in statidtiearning theory, it is
often difficult to determine for function classes of intdré¢sowever, for some particular
cases, e.g. linear hyperplanes one can bound the VC dinmeeglrer in terms of the
dimensionality of the input spacg& or by another quantity, thenargin which we will
use in Sections 1.3.1 and 1.3.2 and define more formally iti&et.3.3.

One of the main approaches to analyze the performance afifggmachines is the PAC
framework. The term PAC meapsobably approximately corre@nd has been introduced
in Valiant [1984]. The fundamental assumption made in trastework is that the exists a
target functionf* € F that generates the labels of all observed data. Thus, watbgtnility
one, the labe} of an examplex is f*(x).

We have the following slightly simplifiebidefinition of a PAC learner:

Definition 1.1 (e.g. Valiant [1984], Blumer et al. [1989]).A (strong) PAC learner for a
concept clas§ has the property that for every distributid?, all conceptsf € F , and
all 0 < €,0 < 1: With probability at leastl — ¢ the algorithm{ outputs a hypothesis
with P(h(X) # f(X)) < e. The learning algorithm is giveR, ¢, 6 and the ability to draw
random examples qof with respect to the distributio®?, and must run in polynomial time
in L and .

1. In arefined version one uses polynomial growth in the patara of the concept class Blumer et al. [1989].
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The parameters and e are calledconfidenceand accuracy respectively. The PAC
learner returnprobablyanapproximately correchypothesis in polynomial time, i.e. using
only a polynomial number of examples.

Using standard results from PAC theory one can show that tbhbability that two
functions agree on a training sample, but deviate stronglyhe rest of the domain, is
small, if the sample is large enough:

Theorem 1.1 (Risk Deviation, Blumer et al. [1989]).Suppose thék is a function class
of finite VC dimensiol? > 1 and that) < §,¢ < 1. Let

= [ (e, (22) s, (2))].

With probability at leastl — § over the random draw of a training sample of size
N > Ny(F,§,¢), for any two functiong™, f € F that agree onS holds

P(f(X) # (X)) < .

Note that this theorem does not depend on the distributiok afid holds for any two
functionsf and f* uniformly. Theuniform convergencgroperty is very important for the
analysis of machine learning algorithms. In traditionaltistics one has oftepoint-wise
convergence only — leading to much weaker results.

By Theorem 1.1 it can readily be seen that an algorithm thveays finds a hypothesis
f € F consistent with the training set is a PAC learner. We theeslfave:

Corollary 1.1 (Blumer et al. [1989]). Suppose that the hypothesis spdcéas VC
dimensionl < 1 < oco. Then any consistent learning algorithifor F is a PAC learner.

So, if the complexity of the function class is small enougig oan ensure that asymptot-
ically (asN — o0), the empirical risk will converge towards the expectedt.ridowever,
for small sample sizes large deviations are possibleauedfittingmight occur (see Fig-
ure 1.1). Then a small expected risk can often not be obtdigesimply minimizing the
training error (1.3). We will come back to PAC learning in ttentext of Boosting in Sec-
tion 1.3.1.

1.2.3 VC Bounds and Structural Risk Minimization

One way to avoid the overfitting dilemma isrstrict the complexity of the function class
F where one chooses the functignfrom [Vapnik, 1995]. The intuition, which will be
formalized in the following is that a “simple” (e.qg. linedgnction that explains most of the
data is preferable to a complex one [Occam’s razor, e.g. Bhehal., 1987]. Typically one
introduces aegularizationterm [e.g. Kimeldorf and Wahba, 1971, Tikhonov and Arsenin,
1977, Poggio and Girosi, 1990, Cox and O’Sullivan, 1990jratlthe complexity of the
function clasg from which the learning machine can choose. This raises ttblelgm of
model selection, i.e. how to find the optimal complexity of flanction class [e.g. Akaike,
1974, Poggio and Girosi, 1990, Moody, 1992, Murata et ab419

A specific way of controlling the complexity of a function skis given by thstructural
risk minimization(SRM) induction principle [Vapnik and Chervonenkis, 19%4pnik,
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Figure 1.2 Schematic illustration of (1.4).
A Expected Risk J The dotted line represents the training er-
i ror (empirical risk), the dash-dotted line the
upper bound on the complexity term (confi-
dence). With higher complexity the empiri-
cal error decreases but the upper bound on
the risk confidence becomes worse. For a cer-
tain complexity of the function class the best
expected risk (solid line) is obtained. Thus,
Confidence ”-»_;:; / Empirical Risk in practice the go'a.ll is to find the best trqde-
e - T - off between empirical error and complexity.
small complexity of Function Set large  (Figure taken from Milller et al. [2001].)

1995, 1998]. Constructing a nested family of function ada$s C --- C Fx with non-
decreasing VC dimension, the SRM principle proceeds asvisti Let f1, ..., fx be the
solutions of the empirical risk minimization (1.3) in thetetion classe§;, k = 1,.. ., K.
SRM chooses the function clags (and the functiory}) such that an upper bound on the
generalization error is minimized, which can be computediaking use of theorems such
as the following one (see also Figure 1.2):

Theorem 1.2 (VC Bound, Vapnik [1995, 1998]).Let ¢ denote the VC dimension of the
function clasd, S be a sample of siz& drawn i.i.d. from some probability distributioR
and letRm;, be defined by (1.3) using tii¢1-loss. For alld > 0 and f € F the inequality
bounding the risk

RIf] < Remplf, S] + \/% [19 <1og2 % + 1) +log, <§>} (1.4)

holds with probability of at least — ¢ for N > h.

For the special case where the empirical loss is zero, wehgefdilowing theorem,
where the square root disappears:

Theorem 1.3 (PAC Bound, Vapnik [1995, 1998])Let« denote the VC dimension of the
function class andS be a sample of siz& drawn i.i.d. fromP. Forall§ > 0andf € F
being a function consistent with the sampléhe inequality bounding the risk

9 <1og2 <%> + 1) +log, (%ﬂ (1.5)

holds with probability of at least — ¢ for N > 4.

4
R[f]fﬁ

This theorem can be easily derived from Theorem 1.1. Notesetbounds are only
examples and similar formulations are available for otlossIfunctions [Vapnik, 1998]
and other complexity measures [see e.g. Williamson et @88]L

2. Theorem 1.3 is the noise-free version of Theorem 1.2. foare root makes (1.4) considerable weaker than
(1.5). Generally, bounds considering the risk, while asagnthat the empirical risk is zero, are called PAC
bounds, whereas VC bounds allow the empirical risk to bezero-[Herbrich, 2001].
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Let us discuss inequality (1.4): the goal is to minimize tle@eyalization erroR?[f],
which can be achieved by obtaining a small training ey, [ f, S], while keeping the
function class as small as possible. Two extremes ariselfd):((i) a very small function
class (likeF,) yields a vanishing square root term, but a large trainimgrenight remain,
while (ii) a huge function class (likEx) may give rise to a vanishing empirical error, but
a large square root term. The best class is usually in bet¢aéerigure 1.2), as one would
like to obtain a function that explains the data wealidto have a small risk in obtaining
that function.

1.3 Boosting and Support Vector Machines

Within the last decaddarge margin classification techniquésive emerged as a practi-
cal result of the theory of generalization. The two most Widgudied classes of large
margin classifiers ar8upport Vector MachingSVMs) [Boser et al., 1992] anfloosting
[Schapire, 1992]. In this section we briefly review both aitions and their theoretical mo-
tivation through statistical learning theory. In the laston we give a generalized margin
definition and state some interesting connections betweestig and SVMs.

1.3.1 PAC Boosting

Let us start with a very brief review of PAC boosting, whictedaot claim to be complete —
for more details see e.g. Schapire [1990], Anthony and Bj$g87], Freund and Schapire
[1997], Schapire et al. [1998], Schapire [1999], Duffy anglitdbold [2000b].

Let us consider the PAC learning framework introduced inti®acl.2.2 again. The
conditions on the (strong) PAC learner seem to be overlysgtrsince in practice one will
often not be able to generate a hypothesis that has arhjitsamiall expected risk. One
therefore considers algorithms that with a seemingly muebker requirement:

Definition 1.2 (Kearns and Vazirani [1994]). A weak PAC learneis similar to a strong
PAC learner, except that it only satisfies the PAC conditrafparticular0 < €g, g < %
pair, rather than for alle, § pairs.

Thus, an algorithm that is only slightly better than randaragsing on every distribution
over the domairX is called a weak PAC learner. This is about the least assomptie can
require on a learning algorithm [Freund and Schapire, 1997]

Interestingly, it has been shown thety weak PAC learner can be “boosted” to meet
the strong PAC learning criteria. The first algorithm beirgeato implement this was
proposed in Schapire [1992] — it was calBdosting® The algorithm was able to increase
the performance of a weak PAC learner such that the resuliylgrid) algorithm satisfies
the strong PAC learning criteria. Note, that it has alreagigrbknown before that improving
the confidence parametis relatively easy [see e.g. Haussler et al., 1991, Freuo@h 1
Anthony and Biggs, 1997], whereas it was an unanswered iguesthether one can
improve the accuracy efficiently.

3. This definition is again simplified (cf. footnote 1).
4. Methods building strong PAC learning algorithms from WEAC learning algorithms are called PAC boosting
algorithms [Duffy and Helmbold, 2000b].
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Later, an improved PAC boosting algorithm was found — cafe@Boost [Freund and
Schapire, 1997] — which repeatedly calls a given “weak ledrfalso called: base learning
algorithm)£L and finally produces a master hypothesisvhich is a linear combination of

T functionsh;, t = 1,...,T, produced by the base learning algorithm, i.e.
T
fl@) =" ahy(x). (1.6)
t=1

The weak learnef is called in each iteratioh with different distributions (also weight-
ings)d® = (d\",...,d") (where "N, d =1,d9 > 0,n =1,... N)on the
training set, which are chosen in such a way that examplssitiled poorly are more em-
phasized than other examples. Roughly speaking, AdaBgpkiits the fact that the weak
learner has to be better than random guessingrordistribution on the examples — also
on those “hard” distributions generated by AdaBob%he pseudo-code of the AdaBoost
algorithm is given in Algorithm 1.1.

Algorithm 1.1 The AdaBoost algorithm [Freund and Schapire, 1997].

1. Input: S ={(z1,y1),...,(x~,yn~)}, Number of Iterations T
2. Initialize: d) =1/Nforalln=1,...,N
3. Dbofort=1,...,T,

(a) Train classifier with respect to the weighted sample set {5, d(’)} and
obtain hypothesis h; : & — {—1,+1}, i.e. hy = L(S,d")
(b) Calculate the weighted training error e; of h;:

N
e =Y Ay, # hil(xn)) @7
n=1
c) Set
© = liglze (1.8)
at = B og o .
(d) Update weights:
A = dY) exp {—ouynhi(2n)} /20 , (1.9)

where Z; is a normalization constant, such that >"_, d{*") = 1.

4. Breakif e, =0 ore; > 3.

T
5. Output: f(z) =Y avhi(x)
t=1

The intuitive idea behind boosting is that one can combing s&nplerules of thumb
to construct a combined hypothesis with arbitrary good grenaince. It was indeed not

5. To distinguish between both weightings we will call theigiting on the example “distribution” or just
“sample weights” and the weighting on the hypotheses weaalllthe “hypothesis coefficients”.
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obvious that this is possible. Figure 1.3 illustrates howaBdost works. Examples that
are misclassified get higher weights in the next iteratidme €&xamples near the decision
boundary are usually harder to classify and therefore ggt Wieights after a few iterations
[e.g. Ratsch et al., 1999].

One of the most important properties of AdaBoost is its fasi/ergence to a hypothesis,
which is consistent with the training sample, if the baserea algorithm produces
hypotheses with error rates consistently smaller tban

Theorem 1.4 (Exponential Convergence, Freund and Schapir¢l997]). Assume,
€1, ..., er are the weighted classification errors bf, . . ., hr that are generated by run-
ning AdaBoost. Then the error on the training set is boundexla by:

N T
1 (g # flan) <2 [ Vel —a). (1.10)
n=1 t=1

wheref = sign(f) is the final hypothesis.

For instance, if the error rate is in each iteration boundedfabove by; < % - %7,
t=1,2,..., forsomey > 0, then the training error decreases exponentially in thelyem

of iterations:

%,il (o # (@) < exp (—TT”) .

Thus, to find a consistent hypothesis one needs ¢ N) jterations. This property can

be exploited for proving the PAC bounds presented in thesastions® Let us assume the
base learner chooses hypotheses from a hypothesis Bpaia VC dimensiond. Then
the VC dimension of the function class of linear combinagioh 7" functions fromH is
O(TY1og(T)) [Baum and Haussler, 1989, Blumer et al., 1989]. If we assumael is a
PAC weak learner, then there exists a unifoym> 0 for all sample sizesV, such that
the training errors are smaller thf%n— %7 (by definition)! The number of hypotheses
that need to be combined@log(N)/+?) and hence the VC dimension of the consistent
combined classifier is at most

B(N.7) = O (1910;3;2(N) g (mﬁﬁ)) |

Hence, the VC dimension increases roughly logarithmicallyhe number of training
examples, and thus increases much slower than the numbesumipdes. We can therefore
use the Theorem 1.1 to show that if the sample size is largeginy, i.e. satisfying

%20 (W50, (14 D, (1))

6. For simplicity we leave out many minor details that wouldkma the presentation much heavier.
7. We assume here that the base leaah@nysachieves this error rate, i.e. the confidence parametesigwaed
to be very close td [see Haussler et al., 1991, Freund, 1995].
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with probability at least — 4, the combined hypothesjsproduced by AdaBoost € F
has risk smaller than, i.e. R[f] < e. SuchN exists, since the right hand side (rhs.) of the
inequality is roughiyd(log(N)), whereas the left hand side (Ihs.)Ns This argumentation
[Schapire, 1992] shows that any weak learner can be tramséal into a strong learner!

1st Iteration 2nd Iteration 3rd Iteration
1 1 1
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Figure 1.3 lllustration of AdaBoost on a 2D toy data set: The color iradés the label and the
diameter is proportional to the weight of the examples infitst, second, third, 5th, 10th and 100th
iteration. The dash-dotted lines show the decision boueslarf the single classifiers (up to the 5th
iteration). The solid line shows the decision line of the bimed classifier. In the last two plots the
decision line of Bagging is plotted for a comparison. (Fegtaken from Ratsch et al. [2001].)

The VC complexity of the function class (of combined hyps#® grows in each
iteration. However, it has been noticed [Schapire et al98]3hat in some cases the
generalization keeps decreasing — clearly contradictied®AC analysis presented above.
As a response to this empirical finding, a second explandt&sed on margins has been
proposed by Schapire et al. [1998]. Their main result is anan the generalization error
P(Y # sign(f(X))) depending on the VC dimensiaghof the base hypotheses cldasand
on themarginson the training set. The margp, of an exampler,, is defined in terms of
thenormalizedfunction value and the label:

Pn =YnF (1.11)
ZtT:1 @y
wherea; > 0,t = 1,..., T, are the hypothesis coefficients of the combined hypothfesis
which are assumed to be non-negative. If the margin is pesitihe example is classified

correctly.
It has been found [Schapire et al., 1998] that with probjsli leastl — §, the expected
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risk of a functionf with marginspy, ..., py on the training set can be upper bounded by
R[f] < i I(pn < 6) + O Dlog”(N/9)  log(1/9) (1.12)
= Pn = No2 N ) .

foranyé € (0,1]. Instead of using the empirical risk, one uses the so-cafledyin risk
which is the fraction of examples with margin smaller or ddoasomef. The proof of
(1.12) is based on results from Vapnik and Chervonenkis1],37evroye [1982] (see also
Shawe-Taylor et al. [1996], Bartlett [1998]) and the idedhiat the effective size of the
function class is much smaller if there is a separating nmabgitween the classes. This
idea is illustrated in Figure 1.5.

In [Schapire et al., 1998] it was stated that the reason fersiiccess of AdaBoost,
compared to other ensemble learning methods, in parti@dgging [Breiman, 1996], is
that it produces hypotheses with large margins on all exemay larger than sontde
Then the first term on the rhs. of (1.12) is zero, while the séc@rm is small (and the
largerd, the smaller is the second term).

There is an important difference to the other bound: whees requires that the
number of combined hypotheses is small for Theorem 1.3, thersize of the ensemble
is not important at all and could even be infinite. The impotrtguantity is the margin.
The second term of the bound would be smallest, if the mamggmerated by AdaBoost
would be as large as possible. However, it is not clear whi&tHaBoost actually achieves
the maximum margin solution. We therefore consider thetigrieof AdaBoost to margin
maximization in greater detail in the next chapter.

Remark 1.5. Traditional statistical techniques often have the problefrthe curse of
dimensionality? Here the bound on the generalization error (1.12) only defseon the
margin and not on the dimensionality of the input space. ldeme is able to handle
arbitrarily high dimensional data and learned efficientlyhie data can be separated with
large margin.

In the next section we briefly review another very successfuthine learning algorithm
strongly motivated by the idea of large margins and finallpaction 1.3.3 we define the
margin more formally.

1.3.2 Support Vector Machines

Let us for a moment assume that the training sample is selpdrgtahyperplaneand we
choose functions of the form

f(x) = (w,z) + b. (1.13)

8. Curse of dimensionality [Bellman, 1961] refers to the@gntial growth of hyper-volume as a function of
dimensionality. To cover this space uniformly one would chexponentially many examples. Many learning
algorithms suffer from theurse of dimensionalitas they do not generalize well in high dimensions [cf. Scott,
1992, Bishop, 1995].
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It was shown [e.g. Vapnik and Chervonenkis, 1974, Vapnil@5]3hat for the class of
hyperplanes the VC dimensighcan be bounded in terms of theargin(see Figure 1.4).
Here, the margin is defined as the minimal Euclidean distarfcean example to the
hyperplané® The margin in turn can be measured by the length of the weigttovw in
(1.13): as we assumed that the training sample is separattanwescale andb such that
the examples closest to the hyperplane satighy «,,) + b = 1,n = 1,..., N, i.e. obtain
the so-called canonical representation of the hyperpldoe. consider two examples;
andz, from different classes witw, ;) + b = 1 and(w, x») + b = —1, respectively.
Then the margin of the hyperplane is given by a half the distaf these two examples,
measured perpendicular to the hyperplane,%i.él x — m2> = Hi’—H (cf. Figure 1.4).

flwl]”

Figure 1.4 Linear classifier and margins: A
linear classifier is defined by a hyperplane’s
normal vectorw and an offseb, i.e. the de-
cision boundary is{z|{w,z) + b = 0}
(thick line). Each of the two halfspaces de-
fined by this hyperplane corresponds to one
class, i.ef(x) = sign({w, x)+b). The mar-
gin of a linear classifier is the minimal dis-
tance of any training examples to the hyper-
plane. In this case it is the distance between
the dotted lines and the thick line. (Figure
taken from Mdller et al. [2001].)

The result linking the VC dimension of the class of sepatalipperplanes to the margin
or the length of the weight vectew, respectively, is given by the following inequalities:

Y9<A’R’+1 and |lw|: <A (1.14)

where R is the radius of the smallest ball around the data [e.g. \kg@895]. Thus, if
we bound the margin of a function class from below, sayzhywe can control its VC
dimensiont9The bound (1.14) is illustrated in Figure 1.5.

Using this fact one can readily derive a bound on the germatidin error from Theo-
rem 1.2: With probabilityl — §, the empirical risk can be bounded from above by

R[f] < Remplf, S]+ O <\/ijA2 <1og2 <%> n 1) + W) . (L15)

wheref is a linear hyperplane as in (1.13) wiflw||» < A and satisfies

yn((w,x,) +0)>1, n=1,... N. (1.16)

9. In Section 1.3.3 we will in fact show that one uses a difiedistance in Boosting.

10. There are some ramifications to this statement that gartsehe scope of this presentation. Strictly speaking,
VC theory requires the structure to be defined a priori, whiek implications for the definition of the class of
separating hyperplanes [cf. Shawe-Taylor et al., 1996].
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The goal of learning is to findv andb such that the expected risk is minimized. However,
since one cannot obtain the expected risk itself, one miz@mthe bound (1.15), which
consists of the empirical risk and the complexity term.

Figure 1.5 Complexity of hyperplanes: The unlabeled examples areagued in a ball. For hypiar-
planes with no margin [left] exist many ways to label theriilag examples (up to abo(te’\’

s+1
different dichotomies, where is the dimensionality oK). If the margin is greater than zero, the

number of possibilities is reduced [middle]. If the margirhiuge, there is only one way to label the
data [right]. A small number of dichotomies implies a sma@ \dimension of the function class.

One strategy is to keep the empirical risk zero by constnagini andb to the perfect sep-
aration case, while minimizing the complexity term, whishai monotonically increasing
function of the VC dimensiort. Thus, we can minimize the complexity term by minimiz-
ing ||w||?. This can be formulated as a quadratic optimization proj@oser et al., 1992]

min %||w||§ subject to (1.16). (1.17)
The result is the so-called timeaximum margin hyperplar(ef. Figure 1.4).

Up to now we only considered the separable case. This camelsgo an empirical error
of zero (cf. (1.15)). However for “noisy data” there mighttexist a consistent hyperplane.
Then there is no solution to (1.17). Also, even if there exéseparation, one might not
obtain a minimum in the expected risk and face overfitting@t, since the margin is
too small. Therefore a “good” trade-off between the emplrigsk and the square root
complexity term in (1.15) needs to be found. Using a techajgehich was first proposed
in Bennett and Mangasarian [1992] and later used for SVMsoirieS and Vapnik [1995],
one introduceslack-variablego relax the hard-margin constraints:

yn((w, ) +0)>1-¢,, & >0, n=1,...,N, (1.18)

additionally allowing for some classification errors. THéNs solution can then be found
by (a) keeping the upper bound on the VC dimension small ahdybminimizing the
upper boundZnN:1 &, on the empirical risk, i.e. the number of training errorsughone
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feature o o

@) (©
Figure 1.6 Three different views on the same dot versus cross separptablem. The examples
closest to the separation line are called support vectajdn(this example, a linear separation of
the examples is not possible without errors. Even the masdiaation of one example permits only a
small margin. The resulting linear classification functiooks inappropriate for the data. (b) A better
separation is permitted by nonlinear surfaces in inputep@j} These nonlinear surfaces correspond
to linear surfaces in feature space. The examples are mdppednput space to feature space by
the function® that is implied by the kernel functiok. (Figure taken from Zien et al. [2000].)

minimizes

N
1,
min 5||w||2+CnZ::1€n (1.19)

subjectto (1.18), where the regularization cons@nt 0 determines the trade-off between
the empirical error and the complexity term.

The choice of linear functions seems to be very limiting &der for instance thgor-
problem). Instead of being likely to overfit we are now mokely to underfit. Fortunately
there is a way to have both, the theory for linear mo@eld a very rich set of nonlinear
decision functions, by using the “kernel-trick”: One firsaps the data into a high, possibly
infinite dimensional feature spadeusing a mappin@ : X — F and then one finds the
linear discrimination ir¥. By usingkernels one can compute dot products in feature space
efficiently: k(x,, z,) = (®(x,), ®(x,)). By Mercer’s theorem [Mercer, 1909], any
kernel of a positive integral operator can be expanded igigenfunctions); (A; > 0,
Np < OO):

Nr
k(z,y) = Z (@)Y (y).

In this case®(z) = (VM1 (x), vV A2ba(x),...) is a possible realization of the map-
ping. The SVM algorithm can be entirely formulated in ternisscalar products of the
examples. Therefore one only needs to replace the scaldugi®with scalar products in
feature space, i.e. by the kernel. Since the bounds presaehtee do not depend on the di-
mensionality of the space where the linear discriminatigperformed, this transformation
is reasonable and leads to a non-linear discriminationrétfgo derived from statistical
learning theory.
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1.3.3 p-Norm Margins in Feature Space

Let us define the term “margin” more formally. To start withewive some standard
definitions and results for theargin of an example and of a hyperplane. In the next
section we will discuss some consequences of using differerms for measuring the
margin in feature space. Suppose we are given a sampleeofamples in some spa&e

S ={(x1,y1),...,(®xn,yn)} C X x {-1,1}. For simplicity we assume here thatis
finite dimensional. We are interested in the separationefrdining set using a hyperplane
A={z|(z,a&)+b=0}in X determined by some vectérand the bia$. We assume

is normalized with respect to some norm. Tharginof an exampléx,,, y,,) with respect
to the hyperplanel is defined ag,,(x,,, &) (cf. Sections 1.3.1-1.3.2). A positive margin
corresponds to a correct classification and the more peditie margin, the greater the
confidence that the classification is correct.

The margin has been frequently used in the context of Suppotor Machines (SVMs)
and Boosting. These so-call&ige margin algorithmsre focusing on generating hyper-
planes/functions with large margins on most training exi@sjet us therefore study some
properties of the maximum margin hyperplane.

For notational convenience we introduce the matfi RV*7, wherelU,; = ynTn ;-
Then-th exampl€x,,, y,) corresponds to the-th row U,, . and thej-th dimension ofe,,
corresponds to thg-th columnU, ; of U multiplied with the label. Using this notation, the
¢p,-margin of then-th example is
Un &

&,

pp(c) =

where the subscript € [1, oc] specifies with respect to which norénis normalized (the
default isp = 1). The/,-margin of the hyperpland is defined as the minimum margin
over all N examples, i.e.

Up &

PE) = min oP(&) — mi xa 1.2
pr(@) = min opn(@) = min oo (120

To maximize the margin of the hyperplane one has to solve dfewiing convex
optimization problem [Mangasarian, 1965, Boser et al.,2]199
Up &

max p Wwith ~ >p, n=1,...,N. (1.22)
&p &l

In both problems one finds a hyperplane that maximizes thegjimatrhe following
theorem gives a geometrical interpretation for (1.21):ngghe?,-norm to normalizex
corresponds to measuring the distance to the hyperplaretiét dual/,-norm, where

1/p+1/g=1.

Theorem 1.6 p-norm Projections, Mangasarian [1999]). Let z € R’ be any point
which is not on the pland := {& | (£, &) + b = 0}. Then forp € [1, o:

(, &) +b ) _
(o8 o~ Al = il - &1, (122)
p

where||x — A||, denotes the distance sfto the planed measured with the dual norfy.
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-04} % x ] . ) .
S Figure 1.7 The maximum margin so-
S lution for different norms on a toy ex-
-05[ o ~ 1 .
S C L L s R ample: /«-norm (solid) and/;-norm
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' T Seo ‘o’ and ‘7, respectively. To maximize
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0.9 S respectively.

Thus, thef,-margin ofx,, is the signed,-distance of the point to the hyperplane. If the
point is on the right side of the hyperplane, the margin isitp@s Figure 1.7 illustrates
Theorem 1.6 fop = 1 andp = 2.

1.3.4 Boosting vs. SVMs

For the definition of the margin we considered linear sepanatonly. We have already
shown that in the case of SVMs one can still use this inteapicet for non-linear classi-
fiers, by mapping the data first into some feature sffadee. & = ®(x). Since one uses
the /5-norm, the computation of the separating hyperplane carxpeessed in terms of
scalar products in feature space (cf. (1.22)). These arertaced by the kernel function
and the feature space is implicitly defined by the kernek therefore often callekiernel
feature space

Conversely, in Boosting one is interested in themargin (cf. (1.11)). If it is large, then
one can guarantee good generalization (cf. (1.12)). Heeeconsiders a different feature
space, which is defined by the hypothesis B€cf. Schapire et al., 1998, Freund and
Schapire, 1999b]. Each hypothesis fréhdefines one dimension in this space, i.e.

ha (@)
T, = P(x,) = : , (1.23)

iw(.mn)
if one assumes that the hypothesis set is finite and.hatements. The feature space
induced by the hypothesis set, we will therefore calllilgpothesis feature space

In principle, however, one could define a kernel by exploitbmputing the dot product

in feature space, i.é(xz, z') = ijl Ej (m)fzj (z'), and one might ask, why one not just
measures thé,-margin and then applies the bound (1.15). Whereas thistririgitinciple
be possible in finite dimensional spaces, its imposibiliégdmes immediately apparent
for infinite hypothesis spaces: If one assumes that the buatpthe base hypotheses is
binary (i.e.—1 or +1), then they lie on the vertices of some hypercube in featpaess. If
the feature space is infinite dimensional, then there erstsall around the data and one
cannot apply (1.15). However, if one measures distancésthé/..-norm, they will stay
finite. Hence, one uses tlig-margin.
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So both bounds, say (1.12) and (1.15), based on large masgpisit the particular
structure of the feature space. For (1.12) one needs thétth®rm is bounded, whereas
for (1.15) one assumes that thenorm is small. In Section 5.2.3 we will consider this issue
again and show that thg -norm regularization is indeed very well suited for enseanbl
learning and makes the design of efficient algorithms ptessib
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Boosting vs. Margin Maximization

In this chapter we analyze AdaBoost in the context of largegmaalgorithms. In partic-
ular, we try to shed light on the question whether and undechvbonditions boosting
yields large margins. In Freund and Schapire [1994] it haankghown that AdaBoost
finds quickly a combined hypothesis that is consistent wlith training data. Schapire
et al. [1998] and Breiman [1999] indicated that AdaBoost pates hypotheses with large
margins, if one continues iterating after reaching coesisy. It is arguable that the margin
should be as large as possible on most training exampleg@r to minimize the complex-
ity term in (1.12). If one assumes that the base learner &wakieves a weighted training
errore; < 1 — 14 with 4 > 0, then AdaBoost generates a hypothesis with margin larger
thanﬁ [Schapire et al., 1998, Breiman, 1999]. However, from theMiax theorem of
linear programming [von Neumann, 1928] one finds that theimakachievable margin
p* is at leasty [Freund and Schapire, 1996a, Breiman, 1999, Freund angp8eh&a999b].
So there is gap in the theory to explain how large the margiAadBoost's combined
hypotheses are.

We start with a brief review of some standard definitions agglilts for the margin of
an example and of a hyperplane. Then we analyze the asycaitotoperties of a slightly
more general version of AdaBoost, called AdaBgpgthich is equivalent to AdaBoost for
o = 0, while assuming that the problem is separable. We show liea¢ twill be a subset
of examples — thsupport vectors- asymptotically having the same smallest margin. On
these examples asymptotically all weigldtsre concentrated. Furthermore, we find that
AdaBoosj} is able to achieve larger margins than AdaBoost¥er o < p*. We derive a
slightly better lower bound on the margin of AdaBagsthich is tight in the worst case.

However, empirically we find that if the base learning algor performs optimal,
AdaBoost seems to approximate the maximum margin solutieh ie. almost achieves
a margin ofp*. By observing that the difference between worst and bedopeance
decreases as the parametepproacheg* from below, we propose an algorithm, called
Marginal Boosting that iteratively adaptg. We can show that this algorithm actually
maximizes the margin and comes with similar rates of corerecg as AdaBoost.

Finally, in the last section we give a different kind of arg$/based on barrier optimiza-
tion. We show that boosting algorithms can be understoochacplar implementations
for minimizing a barrier function to solve a constraint apization problem. Although this
point of view does not give immediate new results, it givesieansights, why boosting-
type algorithms tend to generate hypotheses with large imaand how they relate to
convex optimization. These results will be exploited iretathapters to derive similar al-
gorithms based on different optimization problems.
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2.1 von Neumanns Min-Max Theorem

To start with we briefly define the ternmsarginandedge A more general definition along
with relations to the margin definition in SVMs is given Sectil.3.3.

It has been shown that AdaBoost finds a combined hypothesiscthresponds to a
hyperplane with large margin in feature sp&tavhich is defined by the hypothesis space
H [Schapire et al., 1998, Breiman, 1999]. The hyperpldne {z | (£,&) =0, & € F} is
determined by some weight vectar where we assume thiiéx|[; = 1. The/;-marginof
an exampléx,,, y,,) with respect to the hyperplankis defined as theigned/.-distance
of the example to the hyperplane in feature space (defirséerbelow). A positive margin
corresponds to a correct classification and the more peditie margin the greater the
confidence that the classification is correct.

For simplicity, we assume in this section that the hypothspaceH finite.2 Then the
feature space spanned by the base hypotheses is finite]-slapensional and one may
define the matrix/ € RV*7, whereU,,; = ynh;(z,). LetU, . andU, ; denote the:-th
row andj-th column ofU, respectively. Using this notation, the margin of théh example
with respect to a hyperplane with normal vectois p,, (&) := U, .—%—. The marginp

* el

of the hyperplane is defined as the minimum margin oveNaéixamples, i.e.

a

pl&) = minN pn(@) = min U, (2.1)

n=1,..., n=1,....N n7*||d||1.

Boosting algorithms maintain a probability weightidge P on the examples, where
PN is the N dimensional probability simplex, i.@Y := {d |d € RY, > d, = 1}.
Assume for a moment that the outputs of the hypotheses amybire.ﬁj(wn) € {£1}.
Then for a distributionrd € P, the dot productU.. ;,d) = ZnN:1 dnynﬁj(wn) is the
expectation thaﬁj predicts the{x1} label correctly3 This is called theedgeof the

hypothesisfzj [cf. Breiman, 1999]. Note that a “hypothesis” that randomglyesses, has

an expected edge of if one assumes that the classes are equally likely. We défme

edge of the probability vectat as the maximum edge over the set of hypotheses, i.e.

N
v(d) = ]:Irf?*}ij (Us,j,d) = J:Irll’aXJ nzl dnynhj(@n). (2.2)
Roughly speaking, Boosting aggressively chooses thellitibn in each iteration such
that it is hard for the weak learner to return a hypothesifvarge edge [Freund and
Schapire, 1997].

1. Since the hypothesis coefficient veafois normalized with respect to thfe -norm, we call it/ -norm margin;
however, the margin is measured with thg-norm.

2. If the outputs of each base hypothesis are binary, thee tkeonly a finite number oflistinct hypotheses.

If the hypothesis are real valued the hypothesis space canfibige, in particular in regression. Then the linear
programming problems become semi-infinite problems. Tlcesgary theory for dealing with semi-infinite linear
programs is given in Section 5.3 for regression problemsatt be transferred to the classification case (cf.
Appendix B.4 and Ratsch and Warmuth [2001].

3. Here correct means1 and incorrect-1. If correct is encoded as 1 and incorrect as 0, then it would become
11— (U.;,4)).

2 5
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We start with the connection betweamaximal marginand minimal edgeusing the
duality theorem for Linear Programs (LPs) [e.g. Nash an&6df96] that was originally
proved by von Neumann [1928] and first used in connection ®ahsting in Freund and
Schapire [1996a], Grove and Schuurmans [1998], Breima@qlL9

Th 2.1 N 1928 X) = mi d).
eorem (von Neumann [ ])Iélg(}]( p(&) drélilprllv ~(d)

Both sides in Theorem 2.1 are equivalent to the followingdinprogramming problems:

max p min vy
P& p ~,d N
with & >0, d4;=1 d>0,, ,d,=1 2.3)
Ua > pl UTd <~1
margin-LP problem edge-LP problem

which are dual to each other. Thus the equality in the thedmdlows from the fact that
the primal and the dual objective have the same value at apitinishown later in general,
cf. e.g. Bertsekas, 1995, Propositon 5.2.1].

This has an immediate consequence for Boosting: Theorerst&tds that if the weak
learner has accuracy of at Ieaést— %7 (i.e. edge greater that, cf. Definition 1.2), then
there exists a linear combination of the learners with nraagileasty. In the context of
PAC learning this can be stated as:

Corollary 2.1. Given a weak learner that always generates a hypotHAesisH with error
rate smaller than% — %7. Then there exists a linear combination in the convex huH of
that has a margip* of at leasty.

Proof If for any distribution there exists a hypothe§j$ H with error rate% — %7, i.e.
with edge~, then the objective of the edge-LP problem is leasBy Theorem 2.1 the
margin must be at least i.e.p* > v ]

The central question considered in this chapter is to utaedsvhether and under which
conditions Boosting algorithms generate a combined hygsishwith largest margin. For
AdaBoost, it has only been shown that it achieves a margin letati~ [Schapire et al.,
1998, Breiman, 1999]. I2n Section 2.3.3 we show that it carobet bounded by a slightly
better boundl% ~ 1y + £5+3, which is shown to be tight in empirical
cases.

In the next section we propose a generalization of AdaBaadied AdaBoost, which
is equivalentto AdaBoost far = 0. If the parametep is chosen close tg with o < +, we
can show that AdaBoogteturns a combined hypothesis with margin close.tblowever,
this requires the prior knowledge of In Section 2.4 we will therefore derive an algorithm
that estimates iteratively and so is able to maximize the margin.

2.2 AdaBoos},

For AdaBoost it has been shown that it quickly generates abawed hypothesis that is
consistent with the training set, if the base learning atgor has consistently smaller error
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than%. This is desirable for the analysis in a PAC setting (cf. Bact.3.1). Consistency
on the training set means that the margin of each trainingnelais larger thar, i.e.

p =min,—1 . npn > 0. It has been shown that AdaBoost achieves a positive margin o
all examples as fast as possible (in the given frameworldJfd, 1995, Theorem 2.4].

We will start with a slight modification of AdaBoost (cf. Algithm 2.2), which does not
aim to find a hypothesis with margin of at led@sbut with margin at leasp, whereg is
pre-specified and the base learning algorithm is assumeaM®donsistently smaller error
rates thar% — %g. In order to achieve this goal, it turned out that one onlydsde compute
hypothesis coefficient differently (cf. Algorithm 2.2).

Algorithm 2.2 The AdaBoost algorithm [Breiman, 1999, Ratsch et al., 2001]

1. Input: S = {(1,91),...,(z~N,yn)), Number of Iterations T', Target margin g
2. Initialize: d\) =1/Nforalln=1...N
3.Dbofort=1,...,T,

(a) Train classifier with respect to the weighted sample set {S, d(t)} and
obtain hypothesis h; : @ — [—1,+1]

(b) Set N
¢ = argmin Z AP exp {a (0 — ynhe(xn))} (2.4)
a€R n=1
(c) Update weights:
dy ™t = dif) exp {~auynhi(wn)} /21 | (2.5)

where Z; is a normalization constant, such that Y%, d{*" = 1.

4. Break if ay < 0 or a; = oc.

T
5. Output: f(x) = ahi(x)
t=1

We will call this algorithm AdaBoost as it naturally generalizes AdaBoost for the
case where théarget marginis not 0. It will turn out to be useful for understanding
and developing new algorithnfsWe will call the original algorithm AdaBoogt(or just
AdaBoost), as it targets a margin @& 0.

One difference between original AdaBoost and Algorithm BZhe choice of the
hypothesis coefficients; in each iteration. If the base hypothesis output is eith&ror
+1, then the step size can be computed analytically [cf. Braim899, Section 10.1] by

1+’3/t 11 1+Q

1-4 2 %1 ¢

ap = % log (2.6)

where#, is the edge ofi;. Note that the addition term% log }f—g is zero in AdaBoost

4. A similar algorithm is known asnnormalized ArcingBreiman, 1999] orAdaBoost-type algorithrfRatsch
et al., 2001]. Moreover, it is related to an algorithm progbé Freund and Schapire [1999a].
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It has been found that AdaBoost and also AdaBppstform an approximate gradient
descent in the space of linear combinatiggsof hypotheses froril [e.g. Breiman, 1999]
in order to minimize

N
Glfal = Y e (0= i) T s @

In Chapter 3 we will define more formally what is meant by thedijent descent behav-
ior”. We show that AdaBoogtis related to the Gauss-Southwell method used in numerical

optimization. Here we only note that the particular way tonpaite the hypothesis coeffi-
cient and the example weighting as in (2.4) and (2.5) carctiyrbe derived from (2.7).

2.3 Asymptotic Analysis

Depending on the data at hand, AdaBgaesin have quite different asymptotical properties.
It crucially depends on the choice pfand the margip* achievable on the given data set.
Important for understanding the asymptotic behavior istiwbiethe sum of the hypothesis
coefficients goes to infinity. This is the casepif< p*. Then AdaBoost achievedarge
margins

In the subsequent analysis presented here we will alwaysresthat the sum of th&'s
tends to infinity. The other case where it stays finite is adergd in Chapter 3 in a more
general setting. In this case the smallest margin is gelgeral large (e.g. not necessarily
larger tharD).

2.3.1 The Asymptotical Length ofc

The asymptotical length at is the key to understand the asymptotical behavior of Ada-
Boost. We therefore give sufficient conditions when the sfith@a’s stays bounded and
when it goes to infinity. The proofs of the following lemmas &und in Appendix A.1.1-
A.1.4 on page 135.

Let us assume that the base learning algorithm is guarataeswdays find a hypothesis
with edge larger than some fixgd> o (weak PAC-learner assumption, cf. Definition 1.2).
Then the following lemma shows that the lengthodt) increasest least linearlywith the
number of iterations.

Lemma 2.1. If, in the learning process of AdaBogstith 0 < ¢ < 1, all edges?,,
t = 1,2,... are bounded byy; > o+ ¢ (¢ > 0), thenZﬁ:1 ap > ct,ie. 23:1 ay
increases at least linearly with the number of iterations

Note that the assumption made in Lemma 2.1 are the natuethgrh of the assump-
tions for original AdaBoost (cf. Section 1.3.1). We beli¢lat only in this case AdaBogst
achieves the exponential convergence required for the/sisah the PAC setting.

Let us consider the case where th& are not bounded away from but always greater
thang. This is the case wherge= p*. For a special case of binary valued base hypotheses
we have:
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Lemma 2.2. Assuméy,; (x,,) € {—1,+1}foralln =1,...,Nandt = 1,2,....If,in the
learning process of AdaBogswith 0 < p < 1, all edgesy;, t = 1,... are bounded by
4> 0+ ¢ (c>0),theny_ o, 25 .

This lemma is in particular important if one uses AdaBgaahd complementation
closed hypothesis space. Then there always exists a “seperavith margin 0 (even if
the data is not separable).

In cases where the last two lemmas apply, we can use the folidemma to show that
the achieved margin is asymptotically at least

Lemma 2.3. Suppose AdaBogsgenerates a sequence of hypothebesh,,... and

coefficientsyy, o, .. .. If Y\, a, =5 oo, thenlimy_, o pn (@) > o.
For the case where thg's converge top* in the real valued case, we can show the
statement in Lemma 2.3 directly with a slightly strongenesgtion:

Lemma 2.4. If, in the learning process of AdaBogstith 0 < p < 1, all edges?,,
t=1,...are bounded by; > 0+ < (c > 0), thenlim;_, o pn(@) > p.

The Lemmas 2.2 and 2.4 are partial answer to the open proldsedpn Schapire et al.
[1998] (page 1665). However, it is still an open question tWtegppens if thé;'s converge
faster top than above.

The last case i$* > ~. Then the outputs of the combined hypothegis: (z,)
generated by AdaBogswill stay bounded or AdaBoogtstops after a finite number of
iterations. This is e.g. the case for AdaB@ost H is not closed under complementation
and the data is not separable. This case is considered ihidethapter 3.

From the results of this section we can conclude that AdaB@zhieves large margins,

t—00

if o is chosen to be smaller than. Theanﬂ:1 o, — oo, which we assume for the rest
of the analysis in this chapter.

2.3.2 The Limiting Distribution d and Support Vectors

From the definition ofl*+1) andp,,(a®), (2.5) can be rewritten as

1/B:
Joen) _ &P (=pn(@)) /
noo 75
YL exp (—pj(al®)

where we emphasize thgy ! = Zf«:l a; can be written in the exponent. Inspecting
this equation more closely, we see that AdaBgastes a soft-max function [e.g. Bishop,
1995] with parametef, that has been interpreted asaamealing parametdiOnoda et al.,
1998]. In the beginning is large and all examples have similar weightsi(i oo then all
weights are the same). Asdecreases, the example with smallest margin will get higher
and higher weights. In the limit of smafl, we arrive at the maximum function: Only
the example(s) with the smallest margin will be taken intocamt for learning and get a
non-zero weight (asymptotically).

In Section 2.5 we will show a connectionbarrier optimization techniquefsequently
used in constrained optimization and will see thaicts as the barrier parameter.

(2.8)



2.3 Asymptotic Analysis 25

From (2.8) we see that as soon as the “annealing parameter"small, AdaBoost
learning becomes a hard competition case: only the exampthssmallest margin will
get high weights, other examples are effectively negleatethe learning process. The
following proposition shows that there will be a subset cdiples of each class that has
the same smallest margin. We will call these examflaggport Vector§SVs) , since these
examples support the decision hyperplane [cf. Boser e1292].

Proposition 2.1 (Ratsch et al. [2001]). During the learning process of AdaBogsthe
smallest margin of the training examples of each class wiinaptotically converge to the
same value, i.e.

. . t)y — 1 : (t)
A5 i pe(07) = i it prlec) @9

if the following assumptions are fulfilled:

1. the weight of each hypothesis is boundedby «; < a; < a, < oo, whereq; and a,
are fixed constants, and

2. the learning algorithm must be able to classify all exampdesne class: € {1}, if the
sum over the weights of examples of classlarger than a constant, i.e. dyp >
§ = h(z,)=cforalln=1,...,N.

niYn,=c

Note that the proposition is proven for AdaBopsnly (i.e.o = 0), but can be extended to
the more general case. Both assumptions in Propositionah Lisually be satisfied. The
first is true if p* € (0,1). The second assumption requires from the base learneiifthat,
almost all weight is concentrated to one class, it predmtsafl examples this label. This
is not a common assumption, but is arguably easy to satisfy.

Proposition 2.1 does not state how many examples will becBW® but there is at
least one SV in each class. Assuming that the combined hgpistbf AdaBoostdoes not
change when removing a non-SV, the number of SVs is an uppandon the leave-
one-out error [e.g. Luntz and Brailowsky, 1969]. Thus, ieth are only a few SVs,
AdaBoos} is expected to generalize well. Hence, in practice one wesfzect to have
more than just two SVs. However, since it is not known wheee dhiginal AdaBoost
algorithm is converging t8,it is not known whether removing a non-SV can change the
solution. Clearly, if AdaBoogtwould solve the margin-LP problem (2.3) asymptotically,
then removing inactive constraints does asymptoticaltychange the solution.

2.3.3 How Large is the Margin?

AdaBoost’'s good generalization performance can be exgthin terms of the size of
the margin: for low noise, the hypothesis with the largestgimawill generalize well
[Vapnik, 1995, Schapire et al., 1998] (cf. discussion intlecl.2). Thus, it is interesting
to understand what the margin size depends on.

5. The limit point (if it exist) obviously satisfies some knoveonditions, however, these conditions do not
determine the limit uniquely.
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We start with a theorem that generalizes Theorem 1.4 andTdisorem 5 of Schapire
et al. [1998] forp # 0. It will serve as a basis for deriving asymptotic and nonragtotic
convergence guarantees.

Theorem 2.2 (Ratsch et al. [2001]). Let 44, ...,4r be the edges of the hypotheses
hi,...,hr — [=1,+1] generated by AdaBoqgs{(cf. Algorithm 2.2). Furthermore let
a = [ai,...,ar] be the vector hypothesis coefficients satisfying> 0 and f be the
combined hypothesis. Then the following inequality haddsifi 6 € [-1, 1]:

L T L AN 144\
v ZHmi <0 <] (1_7;) <1+1f> . @)

The proof is shown in Appendix A.1.5 on page 136. The theoremelated to a result
obtained in in Freund and Schapire [1999a].

As long as the square root is smaller thgnone gets a reduction of the rhs. of the
bound. If it is bounded away from,® then the rhs. converges exponentially fast to zero.
The following corollary considers the asymptotical casd gives a lower bound on the
margin. We will show later empirically that the bound is tigh

Corollary 2.2 (Ratsch et al. [2001]). Assume AdaBogsgenerates hypotheses, hs, . ..
with edgesy;, 4, . . . and coefficienta, as, . . .. Lety = inf;— » . 4, and assumg > p.
Then the asymptotically (+ oc) smallest margin of the combined hypothesis is bounded

from below b
g log(1 — 4) — log(1 - ¢*)

log((1+0)(1—7%)) —log((1 - 0)(1+ %))
The proof can be found in Appendix A.1.6 on page 137. We cdajechat this result can
be extended such that the average edge is used instead offineatredge.

From (2.11) one can understand the interaction betweamd 4: if the difference
betweeny and p is small, then the right hand side of (2.11) is small. Thus ifvith
o < ¥ is large, therp must be large, i.e. choosing a largeresults in a larger margin on
the training examples (cf. Figure 2.1). Note that (2.11)liegthe weaker boungl > ”T“’
Previously it was only known thgt > ¢ [Breiman, 1999, Theorem 7.2].

However, in the Section 2.1 we have shown that the maximadeaahle margin is at
leasty. Thus if p is chosen too small, then we guarantee onguboptimal asymptotical
margin In the original formulation of AdaBoost we haye= 0 and we guarantee only
that AdaBoost achieves a margin of at Iea§ﬁ/ + %13. This gap in the theory motivates
the algorithm proposed in Section 2.4, wheris adaptively chosen.

pz (2.11)

2.3.4 Experimental Illustration of Asymptotical Properties

To validate the analysis of Section 2.3.2 we performed nigaksimulations on toy data
with an almost asymptotic number @f* boosting steps. These experiments (cf. Fig-

6. This means that there exists a consgant 0 such that the square-root termabkvayssmaller thanl — .
Otherwise, the sequence of square-root terms might coevergand the product of them might not converge to
zero.
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Figure 2.1 Margin distributions of AdaBoostfor different noise levels in thbanana data set [cf.
Onoda et al., 1998)s> = 0% (dotted),9% (dashed),16% (solid) with RBF nets (13 centers; cf.
Appendix B.6.1) as base hypotheses [left]; and with 7 (dijptté3 (dashed), 30 (solid) centers in
the base hypotheses for data with = 16% [right] after 10* AdaBoosg iterations. These graphs
support the discussion in Section 2.3.2 and confirm the srexgected from (2.11). (Figure taken
from Ratsch et al. [2001].)

ure 2.1, see Ratsch et al. [2001] for details) support thatmargin distribution asymp-
totically has astep at a specific margin sizad that some subset of the training examples
all have similar margins that correspond to the minimal rnradiscussed above. If the
noise level is high or the complexity of the base hypothesiew, one gets higher training
errorse;, i.e. smaller edge$;, and therefore smaller values of the margin

Thus, there is also empirical evidence that AdaBgpashieves asymptotically a decision
with hard margin very similar to the one of SVMs for the separable case. There
a subset of examples that play asymptotically a crucial fotedefining the combined
hypothesis — the most difficult examples are emphasizeagiycand become support
vectors asymptotically.

We performed a second experiment showing how tight we caefdeund the asymp-
totical margin using (2.11). We analyze two different segti: the base learner selects (i)
the hypothesis with largest edge over all hypotheses anth@ihypothesis with minimal
edge among all hypothesis with edge larger thanThis is the best and the worst case,
respectively. Note that Corollary 2.2 holds for twerst casewhere the base learner is al-
lowed to return any hypothesis with edge larger tparithe maximal achievable margin).
In practice, however, the base learner often performsibette

We use random data witV training examples, wherd' is drawn uniformly between
10 and 200. The labels are drawn at random from a binomial distributiath equal
probability. We use a hypothesis set wit* hypotheses. The output of every hypothesis
is either—1 or +1 and is chosen such that with probabilityt is equal to the previously
generated labéel First we compute the solution of the margin-LP problem (213 get to
know p*. Then we compute the combined hypothesis generated by AdgBafter 10

7. With low probability, the output of an hypothesis is eqteall labels. These cases are excluded.
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Figure 2.2 Achieved margins of AdaBoosusing the best (green) and the worst (red) selection on
random data fop = 0 [left] and o = % [right]: On the abscissa is the maximal achievable margin
p” and on the ordinate the margin achieved by AdaBodsbr comparison the ling = z and the
bound (2.11) are plotted. On the interyal 1], Eqg. (2.11) lower bounds the achieved margin of the
worst strategy tightly. The optimal strategy almost acbgthe maximal margin. There is a clear gap
between best and worst performance of the selection schehieh we cannot explain by theory. If

o is chosen appropriately, then this gap is reduceal to

iterations foro = 0 andp = 1 using the best and the worst selection strategy, respéctive
The latter depends opi*. This procedure is repeated 800 random draws op from an
uniform distribution. The parameter ensures that there are cases with small and large
optimal margins.

The resulting margins computed by the three algorithms &oeal in Figure 2.2. On
the abscissa is the maximal achievable maygifior a particular data realization. On the
ordinate is the margin of AdaBogstising the best and the worst strategy. We observe that
there is a big difference between both selection strate@ibereas the margin of the worst
strategy idightly lower boundedby (2.11), the best strategy has near maximal margin.

These experiments show that one obtains different resuylehnging some properties
of the base learning algorithm. These properties are nal é@ecomputing the bound
(only the minimal edge is used). This is indeed a problem,resis not able to predict
where AdaBoostis converging to.

2.3.5 Summarizing Remarks

We have analyzed the asymptotical properties of AdaBo@&st assuming the base learner
always returns a hypothesis with edge at Iégstre have shown ip < p* < 4, then the
sum of the hypothesis coefficients tends to infinity. For tt@se, we lower bounded the
asymptotically achieved margin by (2.11), which is quiggtiin the worst case. In the best
case performance of the base learner, however, we find than#rgin is usually much
larger. This indicates that other conditions are necessafyl the gap between best and
worst case performance.

In the next section we consider an algorithm that does not ltai¢ problem. We can
show that it converges to the maximum margin solution.
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2.4 Marginal Boosting

In this section we avoid the problems we have encounterdtkifast section by adaptively
choosinge. We will propose a boosting algorithm that is able to maxgrtize margin and
comes with good desirable theoretical properties.

2.4.1 Motivation

From Figure 2.2 [right] it becomes apparent, if one sets: p*, then the gap between
the best and the worst case becomes very small. Breiman [1®8posed the idea to
adaptively modifyp in each iteration of AdaBoogt This lead to an algorithm called
Arc-GV (Arcing-GameValue). Here one setg as the achieved margin of the previous
iteration:
: t—1

o= min_ pn(a’™ ). (2.12)
Assuming that the base learning algorithm always returngpothesis with thdargest
edge among all hypotheses [calledighted minimizatioin Breiman, 1999], it has been
shown that Arc-GVasymptoticallygenerates a hypothesis maximizing the margin. It can
in fact be shown that the rather strong assumption on the leaseer can be relaxed
considerabl§f (cf. Appendix B.3), however, still leading to an asymptaticesult only.
This is theoretically unsatisfying since for AdaBogpste already know that its exponential
loss (cf. (2.7)) convergences exponential fast to zergjsfspecified correctly.

In this section we therefore propose an algorithm for whiehoan show that it quickly
converges to the maximum margin solution. It combines thetsmef AdaBoost (fast
proven convergence) and of the maximum margin hyperplaoed generalization).

Before we start with the actual algorithm we briefly analyzgakithm 2.2 where is not
fixed but adapted in each iteration. The following discusssoto be seen as a motivation
for our algorithm. Later we will come back to the case of fixetlet us consider sequences
{0:}1_,, which might either be specified before running the algaonittr computed based
on results during the algorithm. For this case we can eaghetnlize Theorem 2.2 and
have

N N1 NNEEY)
1 1-— Yt 1 + Yt
— n ) < 9 . 2.13
N; ul H <1—Qt> <1+Qt> ( )
Furthermore, from the proof of Theorem 2.2 we haveffet min;—1, 1 s,

N
% Z I (Pn(aT) < €xp { Z Az (ot, 1) } (2.14)
n=1

whereAs (o,4:) := 52 log 114 + 5% log {=£ is the binary relative entropy.

1+4:

8. Here (as in the previous section), one only needs to redoat the base learner finds hypotheses with edge
not smaller thap*.
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Thus, the algorithm makes progress reducing the rhs. oBjRifLthe term under the
square-root is smaller than This is e.g. the case f; is large compared té andg; or, by
(2.14),if0 < o+ < 4. The largery;, the more one progresses.

Suppose we would like to reach a margian all training examples, where we obviously
need to assumg < p*. Then the question arises, which sequencémf/_, one should
use to find a combined hypothesis in as few iterations as lplesgissume for a moment
thath, (x,) € {—1,+1}. The rhs. of (2.13) is equal tﬁ[tT:1 exp{f&,; + log Z;}, where
&, is given in step (2.6) and;, = 1;’—"exp(—dt) + 1g—eexp(dt) is an upper bound
[Schapire and Singer, 1999] df} as used in step (2.5) of Algorithm 2.2. We achieve a
minimum of the right hand side, if we independently chopsi each iteratiort such that
exp{fd; + log Zt} is minimized. Setting the derivative with respectgao 0 and solving
for g, yields o, = 6. So, it turns out that one should uge = 6, independently how the
base learner performs!

Thus we can return to the cage= const and think about a different approach.

2.4.2 The Algorithm and its Analysis

Motivated by the discussion above, we propose — instead difging the target margin
o within the algorithm — to have a second algorithm that spesifi(from outside). We
re-start AdaBoostfor each value op and can prove fast convergence.

Before we go on, let us upper bound the number of iteratiodslaiBoos} to achieve a
margin on all examples of at leagt

Corollary 2.3 (Ratsch and Warmuth [2001]). Assume the base learner always achieves
an edgey; > p*. If p < p* — ¢, e > 0, then AdaBoogtwill converge to a solution with
margin of at leasb on all examples in at mo$t21°§#] + 1 steps.

Proof We use (A.5) fo = o, yielding(A.5) < exp{— 3", 1(0— %)} < exp{—TTEZ},

where we use a bound on the binary entropyxii{ — T§2 1< % there is no example left
with margin smaller tham, which proves the corollary. ]

Since one does not know the value @f beforehand, one also needs to fipd We
propose an algorithm that constructs a sequeigé’_; converging top*: A fast way
to find a real value up to a certain accuracygn the interval—1, 1] is to use abinary
search— one needs onljog,(2/¢) steps. Our idea is to use the binary search to find
p*, where we call Algorithm 2.2 to decide whether the currenesgp is larger or
smallerthanp*. This leads to Algorithm 2.3, in which we assume that Aldurit2.2 also
returns the minimal observed edg§e= min;— .. 74 and the maximal observed margin
p = maxi—; 1 p(a®)in all iterations [cf. Ratsch and Warmuth, 2001].

The algorithm proceeds iR iterations, whereR is determined by the desired accuracy
e: In each iteratiorr it calls AdaBoosj, (cf. step 3a in Algorithm 2.3), wherg. is chosen
to be in the middle of an intervédl,, u,] (cf. step 3c). Based on the success of AdaBgost
to achieve a margin large enough, the interval is updatedt{ep 3b). We can show that
the interval is chosen such that it always contaihsheunknownmmaximal margin, while
the length of the interval is almost reduced by a factor of. tiinally, in the last step of the
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Algorithm 2.3 The Marginal AdaBoost algorithm [Ratsch and Warmuth, 2001

1. Input: S = {((z1,y1),...,(zN,yy)), Accuracy e
2. Initialize: o1 = 0,11 = —1,u1 = 1, R = [log,(1/¢)], T = [2log(N)/e*] + 1.
3. Doforr=1,...R,

@) [+, % ir] = AdaBoost,, (S, T)

(b) if pr > or, then b1 = max(py, Ir), upt1 = min(§y, uy)

elsel,+1 = max(pr,lr), ur+1 = min(%,, 0r + €, uy)

(©) gr41 = Lot
4. Break if upy1 — 41 < 3¢
5. Output: f = AdaBoost;,,,-<(S, 2log(N)/€?)

algorithm, one has reached a good estimat®f p* and calls AdaBoogtfor o = lp41 —¢
generating a combined hypothesis with margin at lpastic.We have the following result:

Theorem 2.3 (Ratsch and Warmuth [2001]). Assume the base learner always achieves
an edgey; > p*. Then Algorithm 2.3 will find a combined hypothegithat maximizes
the margin up to accuracyz in at most] 2268 4 1][log, (1/¢) + 1] calls of the base

2

learner. The final hypothesis combines at nf&éi‘# + 1] base hypotheses.
Sketch of Proof. Let us analyze the cases where our gueisstoo large or too small:

1. If o > p*, then one cannot reach the margirpafince the maximum achievable margin is
p*. By Corollary 2.3, if AdaBoost has not reached a margin of at leash 2 log(N)/&?
steps, we can conclude that> p* —e¢ (cf. step 3b in Algorithm 2.3). This is the worst case.
The better case is, if the distributiehgenerated by AdaBoggswill be too difficult for the
base learner and it eventually fails to achieve an egdgeat leastp. Then AdaBoostcan
stop (cf. step 4 in Algorithm 2.2).

2. Assume is chosen too low, say < p* — ¢, then one achieves a margingin a few steps
by Corollary 2.3. Since the maximum margin is always gre#tian a certain achieved
margin, one can conclude thait > o (cf. step 3b in Algorithm 2.3). This suggests to stop
AdaBoos} as soon as it has reached a margin of at lgast

Note that there is amall gapin the proposed binary search procedure: We are not able
to identify the case* — ¢ < p < p* efficiently. This means that we cannot reduce the
length of the search interval bgxactlya factor of two ineachiteration. This makes the
analysis slightly more difficult, but eventually leads tee throof theorem on thevorst
case performancef Marginal AdaBoost. More details of the proof can be found i
Appendix A.1.7 on page 137. ]

2.4.3 Experimental Illustration

First of all, we would like to note that we are aware of the thett maximizing the margin
of the ensemble does not lead in all cases to an improved @&stion performance. For
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fairly noisy data sets even the opposite has been reporfte@ignlan, 1996, Breiman,
1999, Grove and Schuurmans, 1998, Ratsch et al., 2001]S&8et®on 4.1 for a detailed
discussion. However, at least for well separable data the #&ory applies and, hence,
one should be able to measure differences in the geneiatfizatror, if one function
approximately maximizes the margin while another functitmes not. A similar setting
has been examined experimentally in Schapire et al. [1988]@noda et al. [1998] on
optical character recognition problems, leading to sinriéesults.

Here we report experiments on artificial data only to illagtr (a) how our algorithm
works and (b) how it compares to AdaBoost. Our data is 100 dgio@al and contains 98
nuisance dimensions with uniform noise. The other two disieaTs are plotted exemplary
in Figure 2.3. For training we use only 100 examples and tieobviously the need to
carefully control the capacity of the ensemble.

As base learning algorithm we use C4.5 decision trees peoviady Quinlan [1992]
using an option to control the number of nodes in the tree. \Weelset it such that
C4.5 generates trees with about three nodes. Otherwisdatte learner often classifies
all training examples correctly and over-fits the data alyesle therefore need to limit the
complexity of the base learner, in agreement with the bodnt?) on the generalization

error.
In Figure 2.4 [left] we see a typical run of Margine' ,

AdaBoost fore = 0.1. It calls AdaBoost three times. 9

The first call of AdaBoostfor ¢ = 0 already stops after | 68 008©
four iterations, since it has generated a consistent ct s %5% 28 o ©
bined hypothesis. The lower bouhan p* as computed . j:m &L

by our algorithm isl = 0.07 and the upper bound is Lt ++++ geS

0.94 (cf. step 3b in Algorithm 2.3). The second tinge - e T

is chosen to be in the middle of the intervalu] and ° {*Q *

AdaBoost, reaches the margin af = 0.51 after 80 iter- °°| ™"

ations. The interval is noj0.51,0.77]. Since the length ™o 1 2 3 4

of the intervalu — I = 0.27 is small enough, Marginafigure 2.3: The two discriminative
AdaBoost leaves the loop through exit condition 4, caﬂ,gzx:gEzlodfatgusret_seloarable100_
AdaBoos} the last time fop = u — e = 0.41 and finally

achieves a margin gf = 0.55 (on averag®.58) after 916 iterations (total 1000). For com-
parison we also plot the margins of the hypotheses genebgtédaBoost (cf. Figure 2.4
[right]). One observes that (original) AdaBoost is not atdlechieve a large margin effi-
ciently (5 = 0.37 after 1000 iterations; on average31).

In Table 2.1 we see the average performance of the threedfidess-or AdaBoost we com-
bined 200 hypotheses for the final prediction. For MarginddBoost we use = 0.1 and
let the algorithm combine only 200 hypotheses for the finaldmtion to get a fair com-
parison. We see a large improvement of both ensemble metwdpared to the single
classifier. There is also a slight, but — according tetest with confidence levé’% — sig-
nificant difference between the generalization perfornearaf both boosting algorithms.
Note also that the margins of the combined hypothesis aetliey Marginal AdaBoost are
on average almost twice as large as for AdaBoost.
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Figure 2.4 lllustration of the achieved margin of Marginal AdaBoosf{] and AdaBoost [right] at
each iteration. Our algorithm calls AdaBogshree times while adapting(dash-dotted). The values
of I andu are plotted as dashed line. (Figure taken from Ratsch amthWh [2001].)

C4.5 AB Marginal AB
Egen 74+£011% 4.04+0.11% 3.6 £0.10%
p — 0.31+£0.01 0.58 +0.01
wins 1/200 59/200 140/200

Table 2.1 Estimated generalization performances and margins witfidence intervals for decision
trees (C4.5), AdaBoost (AB) and Marginal AB on the toy dathe Tast row shows the number of
times the algorithm had the smallest error. All numbers aggaged over 200 splits into 100 training
and 19900 test examples.

2.4.4 Summarizing Remarks

We proposed a boosting algorithm that approximately mazésithe margin of the com-
bined hypothesis. In Ratsch and Warmuth [2001] we have shbat our analysis also
holds for infinite hypothesis spaces if the hypothesis spaampact (see also Sec-
tion 5.3). To the best of our knowledge this is the first resutthe non-asymptotical
convergencef a boosting algorithm to the maximum margin solution tHabdolds for
infinite hypothesis spaces.

We have shown theoretically and empirically that our altijon converges quite fast to
the maximum margin solution, whereas AdaBoost is usuallyaide to achieve largest
margins. We could prove this result without assuming addél properties of the base
learning algorithm. In a toy experiment we have illustrathd validity of our analysis
and also that a larger margin can decrease the generatizgtior when learning on high
dimensional data with a few informative dimensions.
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2.5 Relation to Barrier Optimization

In this section we would like to point out how the algorithnesmisidered so far can be seen
in the context of barrier optimizatiohThis connection illustrates how Boosting algorithms
are related to the margin-LP problem [Ratsch et al., 2006gjarticular, we show that the
exponential function acts as barrier function for some tamstsp,, > p in the margin-
LP problem (2.3). It becomes intuitively clear why it is inmpemnt thatZtT:1 ar =3 o0,
which we already found in the previous analysis.

Asymptotically, the example weightd as used in the algorithms indeed turn out to
be equal to the Lagrange multipliers of the constrajpis> p, n = 1,..., N. Further-
more, we will show how AdaBoost [Freund and Schapire, 1994l Arc-GV [Breiman,
1999] can be understood as particular implementations afiée optimization approach,
asymptotically solving a convex optimization problemslshown that both algorithms im-
plement a particular method for minimizing a barrier fupetiSuch minimization methods
(also called Gauss-Southwell methods) will be explicithabyzed in Chapter 3.

2.5.1 Preliminaries

Throughout this section we will assume that the hypothgmse is finiteH = {ﬁj |j =
1,...,J}. We will think of dealing in each iterationof Boosting with a full hypothesis
weight vectora'! € R’. However, one changes only one enjnat a time. Suppose
Algorithm 2.2 selects thg-th hypothesis in iteration (denoted byh;), then the weighty;
as computed in the algorithm is t@dateof the j-th coefficient, i.ed;tﬂ) = djt + .
The hat and the indices are used to distinguish between lootiaics.

As in the previous sections of this chapter, we assume thditdbe learner always finds a
base hypothesis with edge larger thaihen the hypothesis coefficient as computed in
AdaBoos} is always positive. Thua® > 0, forall¢t = 1,2, .. .. Furthermore we assume

that Z}]:l dgt) ‘2% . For convenience, we will in the sequel wrifé, &) instead of

Z}Iﬂ &;. Finally we assume that eaoh is finite.
It has been shown that Arc-GV and Marginal AdaBoost solvddhewing optimization
problem:

max p
&>0 (2.15)
with  p, (&) > p,
wherep, (&) = y, Z}Iﬂ <ff—3>ﬁj(mn) =Ua/(1,a) andU is as in (2.1). Note that we
do not fix the length o& here, since the margjn, (&) is invariant under scaling ak.
We now derive théarrier functionassociated with the optimization problem above.
Following the standard methodology (cf. Appendix B.2) welfihe corresponding barrier
function using theexponential barriefcf. (B.6) in Appendix B.2 and e.g. Cominetti and

9. The idea of this technique is to solve a sequence of uneamisbptimization problems in order to solve a con-
straint optimization problem, where the unconstraint fEobis considered to be much easier. See Appendix B.2
for some details.
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Dussault, 1994]:

) o p(1,&) — Uy &
Fa(a,p) = —p+/3n§exp (W) (2.16)
which needs to be minimized with respeciptandé. Let
(&s.p5) = argﬂgin Fs(é, p) (2.17)

and letS8* = {(&a™, p*)} be the set of a global solution of (2.15). One can show (cE) B
Appendix B.2), that any limit point ofés, pg) converges to an elementé for 3 — 0.10

2.5.2 Relating Arc-GV to Barrier Optimization

Let us now consider one particular iterative strategy fanimizing (2.16) which will turn
out to be exactly Arc-GV [cf. Appendix B.3 and Breiman, 1998k start witha’ = 0 and
fao =0.1n each iteratiort we (i) approximate for a givenéa and (ii) find a hypothesis
h € H (i.e. an index) and updatéy; to get the new hypothesis weight vecm(tt)

First we set3; := T m), which is reasonable since we assunfdi¥) — oc. In
step (i) one approximates the minimum marginby (cf. (2.12))

. ~(t—1
pr= min pn(a( )).

n=1,...,

Noteworthy, the minimizeps(a“~")) of (2.16) for fixeda'*~") is given by

ps(é )z—ﬂlog<2exp{ éa)}>

which converges tp, for 5 — 0.
In step (ii) one selects a hypothesis= h; and updates the hypothesis coefficiant
by solving

N
G = argmin Z exp (pe (1, &) — Uy nd) (2.18)

Y p=1

whered; = a;, Y for all j' # j. Again, one can show that the minimizer in (2.18)
converges to the minimizer of (2.16) fér— 0, when all other variables are fixed. Roughly
speaking, theg in front of the sum of (2.16) does not change the optifmatonsiderably,
if 8 is small enough.

To show convergence of Arc-GV to the solution of (2.15) in fremework of barrier
optimization, we exploit that; ,* p*, wherep* is the solution of (2.15) [cf. Appendix B.3
and Breiman, 1999]. Then it is easy to show that the sub-gra¥is >o F(&) converges

10. Not that if one would set = 0 immediately, therF" 3 would be infinity if the solution is not feasible and
one would arrive at the original optimization problem.
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to zerol1 Roughly speaking, since only hypotheses with edge largergh < p* will be
chosen (by assumption), the coefficients of other hypostesly bounded, whilél, &)
goes toxo. Thus, in the normalized vector these weights go to zero.

Since (1, &) tends to infinity,5 goes to zero. By the reasoning above, the gradient
Va,>0F(&) also tends to zero. We can therefore apply the convergerscét fer ex-
ponential barriers (cf. Proposition B.1), leading to a grib@t Arc-GV converges to an
optimal solution of (2.15).

Finally, note that under rather mild assumptions [cf. Cagttirand Dussault, 1994], the
Lagrange multiplier of the constraipt, (&) > p in (2.15) is approximated by

A~ (t

dy % exp {%(“())} = exp {p(1, &) =y faro (@n)} (2.19)
t

where in the limit for5 — 0 the approximation becomes an equality. Thus the example

weightingd computed in each iteration, asymptotically converges ¢oLthigrange multi-

pliers of (2.15) (up to scaling).

Summarizing, in each iteration Arc-GV updatesnd somei; — asymptotically such
that the barrier function is minimized with respect to theseiables. This procedure is
related to the Gauss-Southwell method, which will be aredyin detail in Chapter 3.
Based on this argumentation, we would like to view Arc-GV &aeier algorithm using a
particular strategy for minimizing's and choosing.

2.5.3 Finding a Separation with AdaBoos}

Its more difficult to explain AdaBoogtin the barrier optimization framework. In fact
we encounter the same kind of problems as in the analysigdeaftd observe that the
convergence depends on the properties of the base leaonge &strict ourself to present
only the main idea and omit a detailed description of thisiesswvhich is discussed in
greater detail in Ratsch et al. [2000c].
The exponential barrier can also be used to solve the féisiproblem for convex

programming:

find &

with p,(&) >0 Vn=1...N,

wherey is fixed now. We can argue as before and find that AdaBozest be interpreted
as a barrier algorithm for computing a separation of thentraj examples with margin at
leasto. The barrier function of (2.20) is

N N N
Fa(d) =3 exp (—9<1’g<>1_dU>”**a> : (2.21)
n=1 ’

Originally, theg in front of the sum in (2.21) down-weights the constraintgéas against

(2.20)

11. For simplicity, we do not define the sub-gradient exaciiystead we useVs,>o Fl&) =
Ve, F(&) &; >0
min(0, V4, F(&)) &; =0
For some more details cf. Appendix A.3.3.

. However, we note that it can in fact be done exactly leadirtfé same result.
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the objective. Thus, we can omit ti¥ehere (see discussion in Section 2.5.2). By using the
same simplified optimization strategy (coordinate—wisgcdat) and setting = T) in
(2.21) as before, we obtain the formulation of AdaBgosts already shown in previous
sections, one will quickly obtain a solution with margin aastp (if (1,&) — oo) and
solve (2.20).

Although this connection does not lead to new theoreticallts, it explains why Arc-
GV and AdaBoost generate combined hypotheses with large margins: The exjiaih
loss minimized by both algorithm acts as a barrier of somedirtonstraints resulting from
the margin-LP problem. This idea will be exploited in latérapters to derive similarly
motivated algorithms.

2.6 Discussion and Summary

We have analyzed a generalized version of AdaBoost in théerbof large margin al-
gorithms. From von Neumann’s Min-Max theorem we found thatmaximal achievable
marginp* is at leasty, if the base learner always returns a hypothesis with weijhtas-
sification error less thaél — —7 The asymptotical analysis lead us to a lower bound on the
margin of hypotheses that are generated by AdaBdonshe limit, which was empirically
shown to be tight in the worst case. Our results indicateAluaBoost generally does not
maximize the margin, but achieves a reasonable large méfgin

To overcome these problems we proposed an algorithm fortwhie have shown
the convergence to the maximum margin solution. Roughhalsipg this is achieved by
increasingp iteratively, such that the gap between the best and the was# becomes
arbitrarily small. In our analysis we did not need to assuduitional properties of the base
learning algorithm and in Ratsch and Warmuth [2001] we tslnmvn that the analysis also
holds for infinite hypothesis spaces. To the best of our kedge this is the first algorithm
that combines the merits of Boosting with the maximum masgiution.

Moreover, we found that some training examples, which arth@éarea of the deci-
sion boundary, have asymptotically the same margin. Therakamples are effectively
neglected in the learning process. We call these exanfuegort Vectorand, in fact,
in another study we found a high overlap between the SVs gé&tby a boosting-type
algorithm and a Support Vector Machine [cf. Ratsch et &101].

In a simulation experiment we have illustrated the validifyour analysis and also that
a larger margin can improve the generalization ability whesnning on high dimensional
data with a few informative dimensions. However, as we wtdss in detail in Chapter 4,
the maximum margin approach is not the best choice when zinglyoisy data. Then, for
instance, the data might not be separable and the theoryiso€hlapter does not apply.
We therefore analyze the convergence properties of bapsfipe algorithms — also called
leveraging- without the assumption of separable data in Chapter 3. ih€hapter 4 we
propose to relax thhard marginconstraint and eventually find algorithms that generalize
significantly better than AdaBoost on noisy data.

12. One can even construct cases where AdaBoost does netrgerte a stable hypothesis, if the base learner is
adversary.
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On the Convergence of Leveraging

Whereas we have in the last section considered only AdaBeastextend our view
now to ensemble learning methoagath arbitrary convex cost functions — they are also
calledleveraging algorithm¢$Duffy and Helmbold, 1999]. We will relate these methods to
numerical optimization techniques such as the Bregmarrithgoand coordinate descent
methods. These techniques will serve as useful tools to #eaonvergence of leveraging
algorithms and also in later sections to develegularizedleveraging techniques.

We show the convergence of ensemble learning methods sudte@oost [Freund and
Schapire, 1997], Logistic Regression (LR) [Friedman et24l00, Collins et al., 2000] and,
as an example of a regression technique, the Least-Squgessen algorithm called LS-
Boost [Friedman, 1999]. These algorithms have in commortliey iteratively call a base
learning algorithml (also calledveak learney on a weighted training sample. The base
learner is expected to return in each iteratican hypothesig; from the hypothesis sét
that has smallveighted training error(see Chapter 2 for details). These hypotheses are
then linearly combined to form the final oombined hypothesis

T
fa(ll?) = Z atht(w).

The hypothesis coefficient; is determined at iteratioty such that a certain objective is
minimized or approximately minimized, and it is fixed fordaiterations. We will work
out sufficient conditions on the base learning algorithmeftieveasymptoticalndlinear
convergenc&ithout assuming separability as in the last chapter.

For AdaBoost and the Logistic Regression algorithm Friedetzal. [2000] it has been
shown [Collins et al., 2000] that they generate a combingubthyesis minimizing a loss
functionalG —in the limit as the number of iterations goes to infinity. Té&s depends only
on the output of the combined hypothegison the training sample. However, the assumed
conditions (discussed later in detail) in Collins et al.g2Don the performance of the base
learner are rather strict and can usually not be satisfieddctige. Although the part of the
analysis in Collins et al. [2000] holds in principle for anyistly convex cost function of
Legendre-type [Rockafellar, 1970, p. 258], one needs twdhe existence of a so-called
auxiliary function(cf. [Della Pietra et al., 1997, Collins et al., 2000], sianitechniques
have been used before in Littlestone et al. [1995], Kivined Warmuth [1997]) for each
cost function other than the exponential or the logistislda Section 3.2 we extend the
analysis of Collins et al. [2000] and show that the auxilifanyction exists under very mild
assumptions on the base learning algorithm and the lossidtnc

In an earlier attempt to show the convergence of such mefloodsbitrary loss functions
[Mason et al., 2000], one needed to assume that the hypstb@sificientsy; are upper
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bounded by a rather small constant. For this case it has bemmnsthat the algorithm
asymptotically converges to a combined hypothesis miriirgiz. However, since the;’s
need to be small, the algorithm requires many iterationckiese this goal. Our analysis
shows that this assumption is not necessary.

In Duffy and Helmbold [2000b] it has been shown that for logadtions which are
(essentially) exponentially decreasing (including exgraial and logistic loss), the loss is
O(1/+/%) in the firsti iterations and afterward$(n'~*). This only holds if the loss reaches
zero — this is if the data is separable.

In this work we propose a family of algorithms that are ablegyemerate a combined
hypothesisf converging to the minimum of some loss functior@|f] (if it exists).
Special cases are AdaBoost, Logistic Regression and LStB®¢hile assuming rather
mild conditions on the base learning algorithm and the lasstionG, we can shoinear
convergence ratde.g. Luenberger, 1984] of the tygg f: 1] — G[f*] < n(G[f:] - G[f*])
for some fixedp € [0,1). This means that the difference to the minimum loss congerge
exponentially fast to zero (in the number of iterationsmiBr convergence rates have
been proven for AdaBoost in the special cassayarable datdcf. Chapter 2 and Freund
and Schapire, 1997], although the constashown in Freund and Schapire [1997] can be
considerable smaller than in our analysis.

3.1 Leveraging algorithms

We first briefly review three of the most well known leveragaigorithms for classification
and regression: AdaBoost, Logistic Regression and LS-Bdas more details on the
the latter two methods see e.g. Friedman et al. [2000], Féed[1999], Duffy and
Helmbold [1999]. We already introduced AdaBoost in detailthhe previous chapters,
for completeness, however, we will repeat some of its athjorical details and adapt the
notation.

We work with Algorithm 3.4 [Ratsch et al., 2002] as a temelaf agenericleveraging
algorithm, since these algorithms have the same algorithirstructure.

3.1.1 AdaBoost & Logistic Regression

Both methods are designed for classification tasks. In e@chtion they call a base
learning algorithm on the training sét= {(x1,¥1),...,(z~N,yn)} C X x{—1,+1} (cf.
step 3a in Algorithm 3.4). Here a weightinlj?) = (dgt), cee dgf,)) on the sample is used
that is recomputed in each iteratibrhe base learner is expected to return a hypotligsis
from some finite hypothesis seil := {ﬁj | ﬁj X - {-1,+1},5=1,...,J} thathas
a smallweighted classification errot; = ZnNzl |d£f)\l(yn # hi(x,)) or equivalently a
largeedge which is given byy; = ZnN:1 dgf)ht(a:n). Notice that different from common

convention and from the definition in Chapter 2, we includeldbely,, in the weighting

1. Notice thatH always contains only a finite number differenthypotheses when evaluated on the training set
and is effectively finite [Bennett et al., 2000].
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d, to make the presentation simpler. Thdg, can also be negative. After selecting the
hypothesis, its weighty; is computed such that it minimizes a certain functional (cf.
step 3b). In AdaBoost one minimizes

N
GAP(a) = > exp {—yn (ahi(2n) + fi-1(xn))} (3.1)

n=1

and in Logistic Regression

N
G (a) = > log {1 + exp (—yn(ahi(@n) + fi-1(2n))} (3:2)

wheref;_; is the combined hypothesis of the previous iteration giwen b

t—1
froi(@n) =Y anhp(xn). (3.3)
r=1

For AdaBoost it has been shown thgt in (3.1) can be computed analytically. For LR
there exists an analytic approximation to the solution a2\38ased on the new combined
hypothesis, the weighting on the sample is updated:

it =y exp(—ynfilxa))  and d{TY =y ixfirj(gﬁl;t;f(g)))’ &9

for AdaBoost and Logistic Regression, respectively. Thiainweightingd(!) is a fixed
constant, which could in principle be arbitrary. In partay d%l) = 1 and d%l) = %
(n=1,...,1), respectively, can be used resulting from (3.4), whernrsgif, = 0.

In Schapire and Singer [1999] the so-calleahfidence rated boostingas been pro-
posed. Here one uses real valued base hypotheses. One érdgtithesis weight; and
the hypothesi#; in parallel, such that (3.1) is minimized. This algorithnsimilar to the

next approach.

3.1.2 Least-Square-Boost

This algorithm is designed to solve regression tasks [nea, 1999]. A more detailed
analysis of regression algorithms can be found in Chaptén Bhis case one haS =

Y,7=1,...,J}, whereY is a bounded subset &2 LS-Boost works in a similar way as
AdaBoost and LR. It first selects a hypothesis solving

h; = argmin % ZN (dgf) - h(mn))2 , (3.5)

hEH n=1

2. We consider regression with one dimensional targets only
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Algorithm 3.4 A Leveraging algorithm for the loss functida.
1. Input: S = {(x1,91),...,(x~N,yn)), No. Of Iterationsr’
Loss functionG : RY — R
2. Initialize: fo =0, dS" = V G[fo]
3. Dofort=1,...,T,
(a) Train classifier of S, d”} and obtain hypothesis; : X — Y
(b) Seta; = argmin, cy G[ft + ahy]
(c) Updatef; 1 = fi + azhy andd“*") = V G[fi11]
4. Output: fr

for some appropriately definef},’s. Then one finds the hypothesis weightby minimiz-
ing the squared error of the new combined hypothesis:

1 N

G"5(a) = 3 anl (Wn — fr1(@n) — aly(mn))” . (3.6)
The “weighting” of the sample is computedéé“) =y, — fi(x,), which is actually the
residual off; [Friedman, 1999]. In a second version of LS-Boost, the bgpethesis and
its weight are found simultaneously by solving [Friedma®99]:

N

(hyo] = argmin = 5" (g — fi_i () — ah(@n))? 3.7)

a€R,heH n=1

We call this themaximum improvemerscheme. Since in (3.7) one reaches a lower loss
function value than in (3.5) and (3.6), it might be the falmeastrategy t achieve fast
convergence.

3.1.3 The General Case

These algorithms can be summarizédAlgorithm 3.4 for an appropriate function-pair
andg’: plug-inG[f] = 22’11 g(yn, f(x,)) and choosg as

. g(y, f(x)) = exp(—yf(x)) for AdaBoost (cf. (3.1)),
2. g(y, f(x)) = log(1 + exp(—yf(x))) for Logistic Regression (cf. (3.2)) and
3. 8(y. f(x)) = 3(y — f(x))? for LS-Boost (cf. (3.6)).

It can easily be verified that the functigh used for computing the weightk is indeed
the derivative ofg with respect to the second argument [Breiman, 1999, Friedmh@99,
Mason et al., 2000], i.eg'(y,v) := V,g(y,v)) (compare with AdaBoost, Logistic
Regression and the LS-Boost algorithm).

It has been argued in Breiman [1999], Onoda et al. [1998Fkdfnian et al. [2000],
Mason et al. [2000] and finally shown in Collins et al. [20004t AdaBoost and Logistic

3. Here, the maximum improvement scheme as in (3.7) is $figiegenerated, but can be understood as a special
case (cf. Section 3.4).



3.1 Leveraging algorithms 43

Regression asymptotically converge to a combined hypistifeninimizing the respective
lossG on the training sample, whepgis a linear combination of hypotheses frdin

J
fa € hn(H) = {ZOA(]]A%] | ]Alj € H,@j € ]R} .

=1

Thus, they solve the optimization problem:

féﬂi?H)G[f] = min G(Ha), (3.8)
where we define a matrik € RY*/ with H,; = ﬁj (x,,). We denote byH,, ., andH, ;
the n-th row andj-th column, respectively. To avoid confusions, note that élements
of the hypothesis set and their weights are indexed land marked with a hat, while
hypotheses and coefficients generated during the iteraty@rithm are not marked. In
the algorithms discussed so far, the optimization takeseply employing the leveraging
scheme outlined in Algorithm 3.4. The output of such an atboris a set of pair§a,, hy)
and a combined hypothesfs(x) = Zi:l ah,.(x). With

Zar (hy =hj), j=1,...,J (3.9)

it is easy to verify tha@izl ayh,(x) = Z}Iﬂ dg.t)ﬁj(a:), which is inlin(H) (note the
hat, cf. (3.3)).

3.1.4 Assumptions

In this chapter we will in some cases assume that the lossiun@ is of the form

Glfal = Z 8(Yn, fa(n))

Although this assumption is often not necessary, the ptagen becomes easier. Note that
additive loss functions are commonly used if one considamgdes drawn i.i.d. from some
source.

We assume that each eleméfyf; andy,, is finite G =1,...,J,n=1,...,N)andH
does not contain a zero column. Furthermore, the fungtign-) : R — R is assumed to
be strictly convex foraly € Y.

For simplicity we assume for the rest of the chapter that finite and complementation
closed h eH = —he H). The assumption on the finiteness is not a problem for
classification, if the output of the base hypotheses is bicr footnote 1). For regression
problems the hypothesis set might be infinite. This case exflicitely be analyzed
Section 5.3.
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3.2 The Dual Algorithm and Bregman Distances

3.2.1 AdaBoost as Entropy Projection

AdaBoost has been derived from results on online-learniggrethms. In online learning
one receives in each iteration one example, then preditatiel and receives a loss —
based on the true label received after prediction. The itapbquestion in this setting is,
how fast the algorithm is able to learn to produce predidiaith small loss. In Cesa-
Bianchi et al. [1994a], Kivinen and Warmuth [1997], Kivinehal. [1997] the total loss,
which is the sum of all losses over all examples, has beendwuiin terms of the loss of an
arbitrary comparator (e.g. the best predictor). To defise results, Bregman divergencies
[Bregman, 1967] and generalized projections have beemsixty used. We will briefly
introduce the key terms in Section 3.2.2.

In the case of boosting, one takes a dual view [Freund andg8eha997]: Here the set
of examples is fixed, whereas in each iteration the baseitepatgorithm generates a new
hypothesis — which is understood as an “example” in the wadiéarning setting. Using
similar techniques as in the online-learning setting, thievergence in the online learning
domain (we call it thedual domain has been analyzed and lead to convergence results in
the primal domain— similar to the ones presented in the previous chapter [taild see
Freund and Schapire, 1997]. In the primal domain the hymigteefficientgy and in the
dual domain the weightind are optimized.

AdaBoost has been understoodearopy projectiorin the dual domain [Kivinen and
Warmuth, 1999, Lafferty, 1999]. The key observation is tiet weightingd*+') on the
examples in the-th iteration is computed ageneralized projectionf d®) onto a linear
constraint, where one uses a generalized distance — haratiogmalized relative entropy

The update of the distribution is the solution to the follog/optimization problem:
N

d,
AV =argmin y " d, log G~ d® (3.10)
deRY dn

N
with >~ dpynhy () = 0,
n=1
Thus, the new weightind*+!) in AdaBoost is chosen such that the edge of the previous
hypothesis becomes zero [as e.g. observed in Freund ang@ig&;H®97] and the (unnor-
malized)relative entropybetween the new and the old distribution, iy andd®, is
as small as possible [Kivinen and Warmuth, 1999].

Note that optimization problems like (3.10) appear in oaliearning as a special case
of noise free data. More generally one uses a cost functitinchnis another Bregman
divergency, to compute the update of the weight vector -eatsbf using a hard constraint.

The work of Kivinen and Warmuth [1999], Lafferty [1999] anatér of Collins et al.
[2000] lead to an understanding of Boosting methods in theeca of Bregman distance
optimization and generalized projections. In the follogvgection we will first introduce
the basic terms and notation. Then we briefly review the tesidiCollins et al. [2000] and
Della Pietra et al. [2001]. We show that the rather restricissumptions made in Collins
et al. [2000] are not necessary to prove the asymptoticalergence.
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3.2.2 Generalized Distances and Generalized Projections

Let 8 be a nonempty, open, convex set, such &hat A, whereA C RY is the domain of a
functionS : A — R and$ denotes the closure 8f Letg = V§. FromS one can construct
thegeneralized distance functiahg : § x § — R by:

Ag(x,y) == §(x) - S(y) — (E(z),z —y). (3.11)
The generalized distance has particularly interestingrites, ifG is a Bregman function:

Definition 3.1 (Bregman Functions). A functiong : A C RV — R is called a Bregman
function if there exists an open, convex$etuch tha C A and the following conditions
hold:

1. §(x) has continuous first partial derivatives at evarge §
2. G(x) is strictly convex and continuous én

3. For everya € R, the partial level set§x € 8| Ag(z,9) < &} and{y € 8| Ag(#,y) <
@} are bounded, for every € $ andz € §

4. If y(t) €8,t=1,2,...andlim;_, y(t) = y* thenlim;_, ., Ag(y*, y(t) =0
g
) =

5.1f y € Sandz® € Sforall t = 1,2,..., and iflim;_,o, Ag(z®),y®
lim; o y'Y = y*, and{z®} is bounded, thetim; _,,, ) = y*.

Here we followed the definition given in Censor and Zenio9[A]9The original defini-
tion was given in Bregman [1967] and alternate definitioresgiven in e.g. Herbster and
Warmuth [01], Bauschke and Borwein [1997].

Among several other useful properties, we have(x,y) > 0 for everyz # y and
Ag(z,y) = 0onlyif z = y (cf. Figure 3.1).

A

Figure 3.1 |lllustration of how the general-
ized distance is definedi(x) is a convex
function. Given two pointg: andy, the Breg-
Ag(z,y)man distance with respect fpis given as the
difference of the function values minus the
difference of a linear approximation. Since
G is strictly convex, this generalized distance
betweenr andy is always positive and zero,
T Y ifand only ifz = y.

A key role in our algorithms is played by generalized praj@ts onto hyperplanes (cf.
Figure 3.2):

Definition 3.2 (Generalized ~Projection onto a Hyperplane, g. Censor and Zenios
[1997]). Given a hyperplanél = {z | (h,x) = b}, a Bregman functiorl§ on 8 and a

pointy € 8. The pointP(y) = * € HN §is called the (generalized) projection gf

4. Note that only the last three conditions are neccessdst treneralized projections be uniquely defined.
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ontoH, if it satisfies

min Ag(z,y) = Ag(z*,y). (3.12)
z€HNS

Furthermore, the hyperplarié is called zone consistent, if for ajl € § holdsPy(y) € 8.

Figure 3.2 lllustration of generalized pro-
jections: one projects a poiat onto a plane
H by finding the pointy on the plane that
has the smallest generalized distance from
i.e. smallestAg(z, y). If S(z) = I|lz||3,
then the generalized distance is equal to the
squared Euclidean distance, hence, the pro-
jected pointy  is the closest (in the common
sense) point on the hyperplaHe For another
\ hyperplaneil Bregman functiorgG, one finds another pro-
jected pointy ;. Then closeness is measured
differently.

Bregman projevq_tion"':,—"/

/

Lemma 3.1 (Censor and Zenios [1997])Given a Bregman functioff on § and a zone
consistent hyperplaré = {z | (h, z) = b}. Letg = VS. Then for anyy € S, the system
g(z") =g(y) + A"h (3.13)
(h,z*) (3.14)

determines uniquely the poimt. If h # 0, thenA* is uniquely determined.
3.2.3 Generalized Projections onto Intersections of Hyp@ianes

In this section we briefly review the results of Bregman [19®glla Pietra et al. [2001]
and Collins et al. [2000] to iteratively solve the problemprbjecting a point onto the
intersection of several hyperplanes. We are interestdtbifidilowing type of optimization
problem:

min  Ag(d,d) (3.15)
des

with H'd=H"d = —.

whereg is a Bregman function o8, d©) is an comparator witd(®) € 8 andH is a matrix

of size N x .J. The vectory € R’ is chosen such that a solution to the equality constraint
exists:—y = H ' d for somed € 8. We use—+ instead ofy to be consistent with the next
sections. The equality constraint in (3.15) is satisfiedhf anly if d is in the intersection

of the J hyperplanes defined tﬁj ={x|(Hj,x)=—v},j=1,...,J.
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Figure 3.3 lllustration of the Bregman al-
gorithm: starting from any pointz(®,
one iteratively projects onto hyperplanes
HY A . . If the sequence of hyper-
planes is chosen (almost) cyclic, then the se-
quence{z*} converges to the uniquely de-
termined pointz(> located in the intersec-
tion of the hyperplanes and has the smallest
generalized distance ta(®).

hyperplanei(1)

z(0)

intersectiont (1) N H(2)

f.i,.v--"'bfbjection ontail 2 \
hyperplaneﬁ@n -

Bregman [1967] has proposed an algorithm for solving sudblems. The algorithm
starts aid(?), selects a hyperplang and projectsl® ontoH;, — leading tod"). Then
the next hyperplang is chosen onto whici(!) is projected, and so on. It has been shown
that this algorithm — called the Bregman algorithm — conesrp the optimal solution, if
one chooses the hyperplanes cyclically [for details segBea, 1967, Censor and Zenios,
1997]. In the rest of this section we try to relax the resiwits on the selection scheme,
since in particular for ensemble learning a cyclic order ldawt be very useful.

We start with a theorefcharacterizing the solution of (3.15):

Theorem 3.1 (Della Pietra et al. [2001]).Let § be a Bregman function o8 C RV,
d® e8,de8, HeRV*/. Furthermoreleg = VG, g =g~ ', and

M:{g(g(d<°>)—Ha) |de]RJ}, and N={deS|H d=H"d}.

Assumel ¢ (d,d(?)) < oo andN is not empty. Then there exists a unigliec S satisfying

1.d*eMNN

2. d* = argming_y; Ag(d, d)
3. d* = argmingc Ag(d,d®)).

Moreover, any one of these three properties determitfasniquely.

For a proof of convergence for a more relaxed selection settbian in the Bregman al-
gorithm we need thauxiliary function techniquiatroduced in Della Pietra et al. [199%]:

5. We found this theorem in Collins et al. [2000], but could werify the proof, since the corresponding
publication [Della Pietra et al., 2001] was not availabtéhds been proven for the normalized relative entropy in
Della Pietra et al. [1997]. A minor change in the definitiorBoégman functions might be necessary: One needs to
assume that the Bregman function is of Legendre type (cfs&ae and Borwein [1997], private communication
with John Lafferty). In particular the generalized distankg needs to be defined adh x S (and not only on

8 x 8), since otherwise the solution niindeﬁ Ag(v,d) might not exist. This can e.g. be the case where the
dual variablesi tend to infinity. For the rest of this section we assume thesctmess of Theorem 3.1.

6. Similar techniques have been used before, see e.g. Hedrst Warmuth [01] and references therein.
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Definition 3.3 (Auxiliary Function, Della Pietra et al. [1997], Collins et al. [2000]). The
continuous functior : § — R, § C RY, is called an auxiliary function for a sequence

d®M,d®, ... andamatrixd € RV’ if it satisfies the two conditions:
Ag(y,d") = Ag(y,d"* V) > A@"Y) >0 (3.16)
Ad)=0 = H'd=H'd=-~, (3.17)

where§ is a Bregman function o8.
If one can define an auxiliary function, one can show the asgtigal convergence:

Lemma 3.2 (Collins et al. [2000], Della Pietra et al. [1997])Let A be an auxiliary

function ford™®,d(® ... and matrixH. Assume the(*)’s lie in a compact subspace of
M as defined in Theorem 3.1. Théim d") = d* = argmin Aq(d, d).

We give the proof following Collins et al. [2000] for compégtess:

Proof By (3.16),Ag(d,d") is a non-increasing sequence bounded from below.by
Therefore, the sequence of differences(d, df) — Ag(d,d**') > 0 converges to zero.
By (3.16),A4(d®)) must also converge to zero. Since tt(é) s lie in a compact space, the
sequence ofl("’s must have at least one limit poidte S. By contmwty of A, we have
A(d) = 0. Therefored € N by (3.17). Thusl € M NN andd = d* by Theorem 3.1.
This argument and the uniquenessddfshow that the sequence df!)’s can only have
one limit pointd*. ]

Lemma 3.2 can e.g. be applied to show the convergence of lbevfiog three extensions
to the Bregman algorithm:

(1) for noncyclic selection of the hyperplanes,
(2) for the case of approximate projectionsnto hyperplane$and
(3) for the selection of several hyperplanes at each itamatie. for so-callegharallel updates

These extension have been analyzed in [Collins et al., 20@®ever, only for the expo-
nential and logistic loss. Furthermore, in (1) they requirat one selects the hyperplane
with maximum constraintiolation. This requirement is hard to meet in practice.

We now consider these extensions in greater detail and wilffiad much more relaxed
conditions on the selection scheme. For simplicity we agstonthe rest of this section
that the system of equalities is of the foh"d = 0 (i.e. ¥ = 0). The extension to the
general case is straightforward.

To solve (3.15), one may projedt~!) in each iteratiort onto a hyperplan&l(t) =
{x | (z,h®) = 0}. Hereh(") is not restricted to be one of the columngHfWe also allow
thath(?) is a linear combination of columns f, i.e.h(*) can be expressed &§") = Hj3
for some3. Assumeg is zone consistent withl(*). Then we can consider sequences of
the typed®) = g(G(d*=1) + &h(®), anda; is chosen such thgd®) , h(*)) = 0.

7. We define an approximate projectiondbntoH as the projection ofl onto some parallel hyperplane ¥
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Then holds,

Ag(0,d0) = g(0,d 1) = §(dD) — g(dM) + dVg(d V) — AUV )
= Ag(dD M) — a1 (AT R+

We haved’) = g (g(d(o)) +30, drh(”) and can write

t+1 t
Ag(@™h a®) = Ag (g (g<d(°>> +y drhm) 8 (g(d“”) +y° drh“‘)))
r=1

r=1
t t+1
=G (g(d<0>) +y arh“)) ye, (g(d<0>) +y drh(”))>
r=1 r=1
g (AIFD pEHDY, (3.18)

whereG is the conjugate function &. Since the functiol§ is differentiable, its conjugate
isG(z) = (2,g(2)) — G(g(z)) [Rockafellar, 1970]. Thus,

(t+1)

t
Aa(0,dV) = Ag(0,d"*)) = G (é(d“’)) + me) ¢ (é(d“”) + > an” |
r=1

r=1

(3.19)
where the rhs. is the difference (or progress) in the conpufimctionG.
We propose the following function
J
A~ @) =3 (G (g@) = G (g@ 1)), (3.20)

Jj=1

where d(tt1:7) is the generalized projection ofl® onto the j-th hyperplane,

e g(dit))y = gd®) + at+IH, ;, where a*t'9) is chosen such that
(H, ;,d*13)) = 0. ThusA2(d®) is the sum of the improvements {# that can be
achieved by projecting onto each single hyperplane withmadwectord, ;,j = 1,...,J.

Then we have

Proposition 3.1. Let H € RY*/, G be a Bregman function o8, andr : R, — Ry

be a strictly monotonically increasing and continuous tiorewith 7(0) = 0. Let {d¥)}

be a sequence of points with® ¢ 8 and {H(Y)} be a sequence of hyperplanes with
H® = {z | (x,h®) = 0} satisfying

G (8d®)) -G (5(d1)) > r(A% ("), (3.22)

andd'?) is the generalized projection df*~%) ontoH(") forall ¢ = 1,2, .... Assumé; is
zone consistent witH®, ¢t = 1,2, ..., andh® is a linear combination of columns &f.
Thenr (A2 (d®)) is an auxiliary function fo{d¥)} and H.

Proof SinceAg(0,d®) — Ag(0,d"*) = G (g(d?)) — G (g(d**+Y)), condition
(3.16) is satisfied. SincE(*) is a linear combination of columns &f, holdsd(*) € M as
defined in Theorem 3.1. Also condition (3.17) can easily bé#ied. Sinceg is continuous,
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the generalized projection is continuougdir{cf. (3.13) and [Lafferty et al., 1997, Lemma
2]). Moreover, since is continuousy (A* (d®))) is continuous. ]

Proposition 3.1 defines an auxiliary function in terms of pinegress in the dual domain,
i.e. in G. The proof can easily be extended to the case where one oplyxmately
projects onto the hyperplane (cf. extension (2) mentioreye).

We are now going to define an auxiliary function based on aicgleof h) to the
constraint violation atl*). We propose the following functio:

AY(d) = [|H "d]]2, (3.22)
which is the norm of constraint violations. We can prove thiéfving:

Proposition 3.2. Let H, § and 7 be as in Proposition 3.1. Assume= (VG)~! is
continuously differentiable ofivg(d) | d € 8}. Let{d®} be a sequence of points with
d©® ¢ 8 and {H®} be a sequence of hyperplanes wiH¥) = {z | (z, h®) = 0}
satisfying

(@, hHD)| > r(AY (")), (3.23)

whered(?) is the projection ofl(* 1) onto the hyperplanE(*). Assumé is zone consistent
withH®  h(" is a linear combination of columns &f and the sequendgh(*)} is bounded
(forall t = 1,...,T). Then there exists an auxiliary function fpd*)} and H.

The proof is shown in Appendix A.2.1 on page 138.
3.2.4 Summarizing Remarks

We have worked out two very mild, but sufficient requiremesrighe sequence of hyper-
planes, such that the sequenceltf’s converges to the optimal solution.

If one “projects” on single columns df, then the algorithm converges, as long as one
selects in each iteration a column that leads to an improwémés that is not arbitrarily
small compared to the average improvement of all other cokiriVe have shown that
this condition is satisfied, if one selects a column thatesponds to a constraint whose
violation is not arbitrary small compared to the averagéation of the other constraints.

Our analysis also includes the case where one does not ponjeca hyperplane with
normal vector equal to a column &f. It is also allowed to use hyperplanes that are “linear
combinations” of the constraining hyperplanes (paraltelate). However, in the following
sections we will not use the results on parallel updatesgsive are particularly interested
in the analysis of our generic leveraging algorithm (cf. éighm 3.4).

8. Note the difference of the Ihs. in (3.20) and (3.22): we.d$eand AV .
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3.3 Coordinate Descent

So far we have considered the optimization in the domaid(6fs. We now take a dual
view. Here the optimization is in terms of the hypothesisfficients&. We will show that
the generalized projection onto a constraining hyperpisieguivalent to the optimization
in one variable, i.e. in one coordinate direction. Optirtiza methods minimizing only
along one coordinate direction at a time are calledrdinate descent methads

In this section we consider the following type of optimizatiproblem:

min G(Hé&) + (v, &), (3.24)

whereG is assumed to be strictly convex and twice continuouslediffitiable. To solve
(3.24), one solves a sequence of one dimensional probleths tfpe:

min G;(&) + v;&, (3.25)
whereG;(a) = G(H (a\",....al" & +a,alf) ... .a")7). Here the question of

how to choose the order of the coordinates arises. The mdskm@vn method is called
the (non-linearfzauss-Seidehethod. It selects the coordinates cyclically. This isaiaty
infeasible in our case. A more appropriate method is@aeiss-Southwe(iGS) method,
which selects the coordinate witlrgestabsolute gradient. In the sequel we will consider
methods related to the GS method. Under mild assumptionb@idordinate selection
schemejy, jo, ... and the functionG, we show that the sequenééz(t)} obtained by
iteratively minimizing with respect to the variablg, — starting at somé&'” — converges
linearly to the optimal solution of (3.25).

3.3.1 Relation to Generalized Projections

We briefly illustrate the connection between the projectiomto a hyperplane and the
minimization with respect to one variable. A similar obssion has been made by Kiwiel
[1998]. We use a Bregman functighas defined in Section 3.2.2 and assufés its
conjugate.

The solution of (3.25) satisfie¥%(2) 1 5, = 0. We may rewriteG;(4) = G(H&" +
aH, ;), wherea’ is the starting vector and, ; is thej-th column ofH. Thus the optimal
a* satisfies

OG(H&® + é*h)
Oé
whereg = VG. If H, ; # 0 and the solution to (3.25) exists, then it is uniquely detead
by (3.26), sincés is strictly convex.

Let d* be the generalized projection ef = §(H&°) onto a hyperplandl =
{z | (H.;, &) = —v;}. According to Lemma 3.1d* and the step siz&* are uniquely
determined by (3.13)—(3.14), § is zone consistent with the hyperplaHe By (3.13)
we haved* = g(g(d) + \*H.. ;)) = g(Ha® + \*H, ;). Using (3.14), it is shown that
(h,g(H&+\*H, ;)) = —v;. By uniqueness under the given conditions, we can conclude
A* = a*.

+b=(h,g(H& + & H, ;) +7v; =0 (3.26)
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Thus, the optimization of thg-th coordinate is equivalent to the generalized projection
of the dual variables onto theth hyperplane (under the conditions given above).

Moreover we would like to note that the problems (3.15) an@4Bare dual to each
other (up to constants):

Lemma 3.3. Let~, u, ¢ € RN be constant vectorg, : RN — R be a Bregman function,
g=VG, G:RY — Rits conjugate ang = VG = g~ . Then holds

min Ag(d,d®)  withH"d = —v

= —min G(g(d") + Ha) — G(g(d')) +(v, &),

const.

if both solutions exist.

The proof of a more general lemma can be found in Appendix A.4pecial case can be
found in Kivinen and Warmuth [1999].

Since we chosd(®) = g(0) (cf. Algorithm 3.4 and Section 3.2), the objective simpkfie
G(Ha) — G(0) + (v, &).

3.3.2 Convergence Theorems

We start with the following general convergence result,cihseemed to be fallen into
oblivion even in the optimization community. It will be veryseful in the analysis of
leveraging algorithms.

Theorem 3.2 (Convergence of Coordinate Descent, Luo and Tisg [1992]). Suppose
G : RN — R is twice continuously differentiable and strictly convexdsm G. Assume
thatdom G is open, the set of solutio$ C R’ to
Ipirsl F(&), where F(&)=G(Ha&)+ (v,&) (3.27)
ac
is not empty, wherél € RV*/ is a fixed matrix having no zero columm,c R’ fixed
and8 C R’ is a (possibly unboundedjox-constrainedset. Furthermore assume that
the Hessianv2 G(Ha") is a positive definite matrix for ak* € $*. Let {a&®} be
the sequence generated by coordinate descent, where th@ircate selectionj, jo, .- .
satisfies the following-optimality criterion:

Al —ald) > 5 max [af ) - aff)| (3.28)
for somes € (0, 1], where&y“’j) is the optimal value of ™" if it would be selected:
A1) o (1) (h — A A
a; = ffélg‘i G (Ha + H, j(& - &; )) + v;é. (3.29)

Then{a"} converges to an element.

9. For convenience, let the rest of the vector be unchan@aﬂgf"'l‘j) = dj(.f), forall j # j'.
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This theorem is slightly more general than we currently n¥th this section we
consider only8 = R’ and~ = 0.

The coordinate selection defined in the theorem is slighiffigrént from the Gauss-
Southwell selection rule described before: (i) it allows gelection scheme to be subopti-
mal. So one has some freedom in approximating the “best"dioate selection. (ii) The
condition is not formulated in terms of the gradient, butennts of the step size to the
optimum. If the function is strictly convex, then there isedation between step size and
gradient. We can prove the following:

Proposition 3.3 (GS scheme o’ , Ratsch et al. [2002]). Assume the conditions d,
F, H,~ and$ = R’ asin Theorem 3.2. L&’ be a convex subset 8f Then a coordinate
selectionyy , jo, . . . starting ata'®) satisfying

A1) A (1)
1. BF(Aa ) > max &?) , for some fixed € (0,1] (t =1,2,...),
80éjt j=1,..., aaj
2.aB) et (j=1,...,J,t=0,1,...),
2G(Hé 2G(HG .
3. 0 G(AQ &) < Nu, anda G(A2 &) > 1, for some fixedy,n, >0 (& € 8,5 =1,...,.J)
0a; 063

also satisfies condition (3.28) of Theorem 3.2.
The proof is shown in Appendix A.2.2 on page 140. Thus #pproximate Gauss-
Southwell method oR’ as defined above converges in the sense of Theorem 3.2.

To show the convergence of the second variant of LS-Booshdube maximal im-
provement (MI) scheme, cf. (3.7)), we need the following:

Proposition 3.4 (Ml scheme onR’, Ratsch et al. [2002]). Assume the conditions d,
F and H as in Theorem 3.2 are satisfied. ISet= R’/ andS$® be a convex subset 8f Then
a coordinate selectiopy , jo, . . . starting ata'? that satisfies

L F(@") = F@"9) > 6 max (F(a“)) - F(d(t“’j))) for some fixed € (0, 1]
j=1,...,
Vt=1.2,..),
2. conditions 2-3 of Proposition 3.3,

also satisfies (3.28) of Theorem 3.2.

The proof is shown in Appendix A.2.3 on page 140, where we sihaivthe conditions on
the sequence in Proposition 3.4 imply the conditions in Bs@ifon 3.3. In fact, it also holds
vice versa. We conclude that tl@proximate maximal improvement scheasedefined

above converges in the sense of Theorem 3.2.

Finally we can also state a rate of convergence, which isrsimgly not worse than the
rates for standard gradient descent methods:

Theorem 3.3 (Rate of Convergence, Luo and Tseng [1992]Under the conditions of
Theorem 3.2 and the assumption tiiiais strongly convex (cf. footnote 13) along the path

10. Luo and Tseng [1992] also prove the (linear) convergénmcan almost cyclic selection scheme.
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of thea®’s, we have

A Ak 1 A Ak
erp1 =F(a!"") —F(a") < (1 - 5) (F(a'") - F(a")), (3.30)
where &’ is the estimate after theth coordinate descent step,* denotes a optimal

solution, andl < n < oo. In particular at iterationt holds:

1 t
€t S <1 — —> €0-
n

Following Luo and Tseng [1992] one can show that the constasto
Here, p is the Lipschitz constant oV G, ¢ is a lower bound on the eigenvalues of
V2 G(d(t)), t = 1,... andk is a constant that only depends é&h[for details see Luo
and Tseng, 1992, Hoffmann, 1952, Robinson, 1973, Mangasarid Shiau, 1987]. While
the upper bound or can be rather large — making the shown convergence slow — it is
important to note (i) that this is only a rough estimate of thee constant and (ii) still
guarantees aexponential decreasa the functional with the number of iterations.

A special case of (3.27) has already been considered in ar page predates the
formulation of AdaBoost Cesa-Bianchi et al. [1994b]. Thigimization problem concerns
the likelihood maximization for some exponential family distributions. In this work
convergenceis proven for the general non-separable celseling lower and upper bounds
on the constany; however, only for the exponential loss, i.e. for the casA@dé@Boost}!

The framework set up in the current work is more general andareeable to treat any
strictly convex loss function.

t

k2pocJiN?
3

3.3.3 Summarizing Remarks

We worked out two condition on the selection scheme, for Wwhioordinate descent
convergedinearly to the optimal solution. These conditions are slightly mstréct but
similar in spirit to the ones derived in Section 3.2 (cf. Rysition 3.1 and Proposition 3.2).
In this section the selection scheme needs to satisfy tledt sslected coordinate leads
to an improvement comparable to the coordinate wigiximum improvemenin the last
section it was sufficient that selected coordinate leads tmprovement comparable to the
average improvementover all coordinates. It can easilyeodied that these conditions are
equivalent, if the function- used to formulate the conditions in Section 3.2 is a linear
function. We may conclude that if the functianis linear or sub-linear, the Bregman
algorithm converges linearly. If it is super-linear, there wnly know that it converges
asymptotically.

11. We will expand on this connection in future work.
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3.4 Application to Leveraging

We now return from the abstract convergence results of theipus sections to leveraging
algorithms. We show how to retrieve the (approximate) Ge&msthwell algorithm oriR”
as a part of Algorithm 3.4. The gradientBf&) = G(Hé) + (7, &) with respect tay; is
given by

S
34 =%+ 7 &Wn, falzn))

@j

o))

N
=7+ > 8 (Un, fa(wn))%fa(wn)
n=1 J
N R N R
=%+ 3 8 W fa(@n)hj@a) =7 + D dahj(@a)  (3:3)
n=1 n=1
whered,, is given as in step 3c of Algorithm 3.4. Let us assume 0. Then, the coordinate
with maximal absolute gradient corresponds to the hypdheish largest absolute edge
(see definition on page 41). However, since we assume theliggie space is closed under
complementation and according to Proposition 3.1 and Ritipn 3.2, we need to assume
less on the base learner to ensure the convergence: it bikeo return a hypothesis that
(approximately) maximizes the edge, or alternatively (agpnately) minimizes the loss
function. This leads to the following definition:

Definition 3.4 (r-Optimality). LetH be a finite, complementation closed hypothesig<set,
be a functional as defined above and R, — R, be a strictly monotonically increasing
and continuous function with(0) = 0. A base learning algorithnd is called r-optimal
for H, G and#, if it always returns a hypothesf@ € H that either satisfies

~

N
1Ly —v > 71 ( max J(%r —W)>, wherey; = E dnﬁj(mn) for any weighting
J'=1,

n=1
d € range(V G),
or
2. F(a) —F@a'*t9) > 7 < max (F(a“)) - F(a“*lﬂ")))) forany2a'" € R7,
J'=1,.,
and never returns a hypothesis w?tl(mn) =0foralln=1,...,N.

By Proposition 3.3 and Proposition 3.4 we can motivate tfieang:

Definition 3.5 (5-Optimality, R atsch et al. [2002]).A base learning algorithm is called
d-optimal, if it isT optimal andr(z) = dz, for some fixed € (0, 1].

Since we have assumétlis closed under complementation, there always exist two hy-
potheses having the same absolute gradfeah@—#). To fulfill (3.23) of Proposition 3.2
or condition 1 of Proposition 3.4, we therefore only needdasider the hypothesis with

12. Here we only requiré(*) > 0 sinceH is closed under complementation.
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maximum edgas opposed to theaximum absolute edgEor classification this means:
if the base learner returns the hypothesis with (approx@égasmallest weighted training
error, this condition is satisfied.

The next two theorems show that Definition 3.4 and Definitidns3ate sufficient condi-
tions on the base learner to achieve the asymptotical aedrliconvergence, respectively.
For the rest of the chapter we will assume= 0. In the next chapter we will usg # 0 to
implement regularized loss functions.

Theorem 3.4. Given a training sampl& and a finite and complementation closed hy-
pothesis seH. LetG : RN — R be the conjugate of a Bregman function. Suppose Algo-
rithm 3.4 generates a sequence of combined hypothfigses f41), . .. (cf. (3.9)) using a
T-optimal learning algorithmC for H and G. Then any limit point o{d(t)} is a solution

of (3.8).

The proof directly follows by an application of Propositiéhl and Proposition 3.2,
respectively. From the results in Section 3.3 we have a gagoresult, but also with slightly
stronger assumptions:

Theorem 3.5 (Ratsch et al. [2002]). Given a training sampleS and a finite and com-
plementation closed hypothesis setLetG : RV — R be twice differentiable, strongly
convex3 and its Hessian being uniformly upper bounded on any bousdedet ofR" .
Suppose Algorithm 3.4 generates a sequence of combinethiegesf o), f4 ), - - - (Cf.
(3.9)) using aj-optimal learning algorithn for H andG. If any solution of (3.8) is finite
andlim sup,_, ., [|&'!|| < oo, then any limit point of &@!'} is a solution of (3.8) and the
sequence convergésearlyin the sense of Theorem 3.3.

The proof is shown in Appendix A.2.4 on page 141. Finally we apply these theorems
to the special cases described in Section 3.1:

Corollary 3.1 (Ratsch et al. [2002]). Given a training samplé& and a finite hypothesis
setH. Suppose AdaBoost, the Logistic Regression algorithm eBa&st as described

in Section 3.1 (cf. Algorithm 3.4) generates a sequence pbthgsesh, hs,... and
weightsay, as, . .. using ad-optimal base learner. Assume every solution of (3.8) using
the respective loss function is finite. Then any limit pofntf} solves (3.8).

The proof is shown in Appendix A.2.5 on page 142. For the $iBlescheme of LS-Boost
(3.5) both conditions in Definition 3 @annotbe satisfied in general, unleEnN:1 Ej ()2

is constant for all hypotheses;, j = 1,...,.J. Since Y._ (dn — hj(x,))? =
S ilj (xn)? — anﬁj(mn) + const. , the base learner prefers hypotheses with small

n=1

> hj(x,)? and could therefore stop improving the objective while beiot optimal
(see [Ratsch et al., 2002, Section 4.3] and Section 5.3 foe metails).

Note that Corollary 3.1 also applies to the confidence ratamsting algorithm, if the
base learner satisfies condition 2 of Definition 3.4 and thgolhesis set is finite.

13. A function is called strongly convex @ if there exists a fixed) > 0 such that the matri¥’2 G(o) — nI
is positive semidefinite for alb € 8 (cf. [Bertsekas, 1995, p. 563]). Here, we require strongverity on any
bounded subset @&?" .
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3.5 Discussion and Summary

We gave an unifying convergence analysis for a fairly gelrfaraily of leveraging meth-
ods. In the first part we examined sufficient conditions onstilection scheme for asymp-
totical convergence. Roughly speaking, it is sufficientricselects the coordinates such
that one progresses only slightly as long as one has notedabk optimum. By assuming
somewhat stronger conditions on the selection scheme, wid sbhow that the convergence
is linear.

We applied these results to leveraging algorithms. Usitigrahassumptions on the base
learning algorithm that are in spirit similar to the assuioips in the last chapter, we have
shown that leveraging converges. If the base learner ssitified-optimality criterion,
then leveraging converges even linearly.

While the main theorem for the convergence of coordinateel@swas already proven
in Luo and Tseng [1992], its application to leveraging ctoaeentral gap between existing
algorithms and their theoretical understanding in termsazivergence.

Let us come back to the AdaBoost: it has been shown that tkedlogs exponentially
fast, if the base learner is able to achieve a training emosistently smaller thag (cf.
Section 1.2 and Chapter 2). This is desirable for the armmalipsthe PAC framework (cf.
Section 1.3.1). However, if the data is not separable, thsrainalysis does not apply and
the speed of convergence is unknown. In this chapter we Hawersthat one can prove
the same type of convergence without assuming the sep@ratbithe data. This results is
slightly surprising and also relevant in practice, wher dlata is usually not separabhte.

In Ratsch et al. [2002] we have extended our analysig,taorm regularized cost
functions. These results can readily be used to derive aggel leveraging algorithms in
a clean and general way. This will be done in Chapter 4 foistfiaation and in Chapter 5
for regression tasks. Future investigations include theegaization to infinite hypotheses
spaces (see also Chapter 5 and Zhang [2002]) and an impraverinthe convergence
rates. We conjecture that our results can be extended to othey variants of boosting
type algorithms proposed recently in the literature Ktfp://www.boosting.org ).

14. However, we have to note here, that for the analysis ilP&@ setting the linear convergence in general is
not sufficient. Here one needs that the constadbes not depend on the sample size. In the case of AdaBoost
the loss function is decreased by a factor that only dependieobachievable margin of the problem at hand. But
this requires that the data is separable.
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Soft Margins

It has been shown that AdaBoost rarely overfits in the lowencégime, however, we show
here that it clearly does so for higher noise levels. In thiapter, we develop techniques
that yield state-of-the-art results on noisy problems.

Central to the understanding of this fact is the margin ttistion. We have shown
in Chapter 2 that AdaBoost asymptotically achievelsaad marginseparation, i.e. the
algorithm concentrates its resources on a few hard-totlesamples that are very similar
to Support Vectors. A hard margin is clearly a sub-optimedteqyy in the noisy case, and
regularization must be introduced in the algorithm to ali&éw the distortions that single
difficult examples (e.g. outliers) can cause to the decismmdary. This will be discussed
in detail in Section 4.1.

In Chapter 3 we considered leveraging algorithms similakdaBoost that aim to find a
combined hypothesis minimizing some loss functional. dltgh some of these algorithms
are more robust than AdaBoost, there is always the chanceetditathe data, since the
number of hypotheses that could be potentially combinecery large or even infinite.
Here, the original method of controlling the capacity byiaeng the largest margin is not
effective.

We therefore propose two regularization methods and gépatians of the original
AdaBoost algorithm to achievesoft margin In particular we suggest (1) AdaBogss
where the coordinate decent is done in a modified loss fumetial (2) a regularized linear
programming problem, where the soft margin is attained ibsoducingslack variables
To solve the resulting linear optimization problem we pre@owo algorithmsy-Arc and
a barrier algorithm. For the latter we can show the convergen

The barrier algorithm is in fact very similar to logistic megsion (cf. Section 3.1), but
is employing somé&;-norm regularization on the hypothesis coefficients to cmrthe
size of the hypothesis space. As an important auxiliaryltese show that any leveraging
algorithm can be regularized without losing the converggaroperties shown in Chapter 3,
eventually leading to a more robust algorithm.

Finally, in Section 4.4 numerical experiments on severakchenark data sets show the
validity and competitiveness of our regularized algorithrRurthermore, we discuss an
application in areal-world setting — a non-intrusive power monitoring system.
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4.1 Hard margins and overfitting

In this section, we give reasons why the AdaBoost and mogdtsafariants araot noise
robustand exhibit suboptimal generalization ability in the preseof noise. According to
our understanding, noisy data has at least one of the fallpwioperties:

1. overlapping class probability distributions,
2. outliers and
. mislabeled examples.

All three types of noise appear very often simultaneouslgdta analysis. Therefore, the
development of noise robust versions of AdaBoost is mamgato

We have shown in Chapter 2 that AdaBoost, AdaBposrc-GV and also Marginal
AdaBoost aim to find a hypothesis that is consistent with tlaéning data within a
few iterations. For other leveraging methods like Logigtgression as presented in
Section 3.1, similar results are available [e.g. Duffy areribold, 2000b]. This property
is desirable for the analysis in the PAC setting as present&ection 1.2.2, where we
assumed that the data is separdble.this case one can arbitrarily close approximate
the target concept (if one has enough training examplesad@). If the data has any of
the three properties above, this assumption is not satisfieen the labels are generated
according to some probability distribution and not necegseomputed by a deterministic
rule (e.g. the target concept).

Let us therefore come back to the analysis of AdaBoost baseakogin distributions as
mentioned in Section 1.3.1. In Schapire et al. [1998] it feertproven that with probability
at leastl — § over the random draw of a training s€tof size N the generalization error

of a function with marging, . .., py can be bounded by
N 2
1 dlog”(N/9) = log(1/0)
< — E < , .

wheref € (0, 1] and is the VC dimension of the base hypothesis space. It wasidtzae
a reason for the success of AdaBoost, compared to other dhséarning methods (e.g.
Bagging Breiman [1996]), is that it generates combined Itiygges with large margins on
the training examples. It asymptotically finds a linear camabion f, of base hypotheses
satisfying

o Jal®n) _
pn(a)_yandj ZP n—ls---:N: (42)

for some large margip. Then the first term of (4.1) can be made zeroffoe p and the
second term becomes smallpiis large. In Breiman [1999], Grove and Schuurmans [1998]
and in this work (cf. Chapter 2), algorithms have been pregdbat generate combined
hypotheses with even larger margins than AdaBoost. In @e@i4.3, we have shown

1. Inagnostic PAC learninghis assumption is not necessary.
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that as the margin increases, the generalization perfazenaan become better on data
sets with almost no noise [see also Onoda et al., 1998]. Henwewn problems with a
large amount of noise, it has been found that the generalizability usually becomes
worse for hypotheses with larger margins [see also Quirl&96]. As an example for
overlapping classes, Figure 4.1 [left] shows a typical 6iitarg behavior of AdaBoost on
thebanana data set [Ratsch et al., 2001]. Here, already after only@ssting iterations
the best generalization performance is achieved.

We will call an algorithm, (approximately) maximizing ttemallest marginon the
training set, dard margin algorithmThat is if the resulting classification function satisfies
(4.2) for somep > 0. It classifiesall training examples according to their possibly wrong
labels (cf. Figure 4.1 [right]). This is at the expense tih&t targin of other examples are
reduced, the complexity of the combined hypotheses ineseasd the decision boundary
becomes e.g. less smooth. In this case the achieved dels@mimaary is far away from the
Bayes optimal boundary (cf. dashed line in Figure 4.1 [figlsee Ratsch, 1998].

0.195

10° 3 4

numb(le(; of itera%ioort "
Figure 4.1 Typical overfitting behavior: the generalization error (sthed) as a function of the
number of iterations [left] and a typical decision boundght] generated by AdaBoostl(*
iterations) using RBF networks with 30 centers (cf. AppenBi6.1 and Muller et al. [1999]) in
the case of noisy datéd&nana data set with 300 examples? = 16%). The positive and negative
training examples are shown as’'and ‘' respectively, the support vectors (cf. Section 2.3.2) are
marked with ©’. An approximation to the Bayes decision boundary is pbbttashed [cf. Ratsch,

1998]. (Figure taken from Ratsch et al. [2001].)

To discuss the suboptimal performance of hard margin dlessin the presence of out-
liers and mislabeled examples in a more abstract way, weazaédigure 4.2. Let us first
consider the case without noise [left]. Here, we can es#rtrad separating hyperplane cor-
rectly. In Figure 4.2 [middle] we have one outlier, whichegts the estimation. Hard mar-
gin algorithms will concentrate on this outlier and spok tjood estimate that we would
get without the outlier. Next, let us consider more complegigion boundaries. Here the
overfitting problem gets even more distinct, if we can geteeraore and more complex
functions by combining many hypotheses. Then all trainirgneples (even mislabeled
ones or outliers) can be classified correctly. In Figure ddhf] and Figure 4.2 [right] we
see that the decision boundary is rather rough and can iasadd generalization.
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Figure 4.2 The problem of finding a maximum margin “hyperplane” on releadata [left], data with
outlier [middle] and with a mislabeled example [right]. Tselid line shows the resulting decision
boundary, whereas the dashed line marks the margin arelae Imiddle and on the left the original
decision boundary is plotted with dots. The hard margin iegphoise sensitivity, because only one
example can spoil the whole estimation of the decision banndFigure taken from Ratsch et al.
[2001].)

From these cartoons, it becomes apparent that AdaBoostrgnaltlaer algorithm with
large hard margin is noise sensitive and maximizing the lesiaimargin in the case of
noisy data can (and will) lead to suboptimal results. Treefwe need to relax the hard
margin and allow for a possibility of “mistrusting” the data

From the bound (4.1) itis indeed not clear that one shouldmize the smallest margin:
the first term on the right hand side of (4.1) takes the wholegmadistribution into
account. If we would allow a non-zero training error in thétisgs of Figure 4.2, then the
first term of the right hand side of (4.1) becomes non-zerd tBenf can be considerably
larger, such that the second term is much smaller. So we ettp@ soft margin algorithm
is able to achieve smaller upper bounds on the error thanateerhargin algorithm, if the
data is noisy.

Recently, the concept afgorithmic stabilityhas been proposed. Since it fits well to the
discussion above, we give a brief (informal) summary of tleeknpresented in Bousquet
and Elisseeff [20014a]. It has been shown that an algorithimdependingveaklyon each
example will generalize well. A learning algorithfnis said to be3-classification stable
[Bousquet and Elisseeff, 2001b], if for any set of examples Z ", the functionf = £(S)
is uniformly stable, if one removes any example from thelirg set, i.e.

VS e ZN, ¥n e {1,...,N}, sup |L(S)(x) — L(S\")(x)| < B, (4.3)
zeX
where S\" is the training setS without the example:. For any -classification stable
learning algorithm& and any fixedy can be shown [Bousquet and Elisseeff, 2001b,
Theorem 17]: with probabilityh — §, § € (0, 1), over the random draw of the training

2. Also the original SVM algorithm [Boser et al., 1992] assdrseparable classes and pursued a hard margin
strategy and it had similarly poor generalization perfonc&on noisy data as AdaBoost. Only the introduction
of soft margins for SVM [Cortes and Vapnik, 1995] allowedrth& achieve much better generalization results.
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sampleS holds

RIf) < Ripdf) + 2 4 26, [logl/d

5 5 oN (4.4)

wheref = £(S) andRdmg| f] is the marginloss, i.&Remd f] = + SN Iy f(xn) < 7).
Thus, if the algorithm at hand is not sensitive to a singlengia (i.e. is small), the
algorithm will generalize well. As discussed, hard mardgoaithms can be very sensitive
to a few examples (cf. Figure 4.2). This might be one reasop tivAy can fail on noisy

data [see also the discussion in Grandvalet, 2001].

In the following section we introduce several possibifiti “mistrust” parts of the
data, which leads to a genesalft marginconcept® Using these techniques we will derive
algorithms that implement the ideas discussed above. Welvalv that these algorithm are
much less noise sensitive than the hard margin algorithrdshawe better generalization
abilities on noisy data.

4.2 Reducing the Influence of Hard Examples

First, we propose an improvement of original AdaBoost bygsi regularization term that
is originally based on thimtuition that it has to be avoided that AdaBoost concentrates too
much on the most difficult examples [Ratsch, 1998].

4.2.1 Trade-off Between Margin and Influence

We claim that any modification that improves AdaBoost on ydiata, must not forcall
margins beyond (even if it is possible). In particular examples that arelatisled and
usually more difficult to classify have to have margins serathan0, i.e. violate (4.2).
If we knew beforehand which examples are unreliable, we daimply remove them
from the training set or, alternatively, we would not reguihat they have a large margin.
Suppose we have defined a non-negative quaitityhich expresses our “mistrust” in an
example(x,, y, ). For instance, this could be a probability that the labelroéaample is
incorrect? Then we may relax (4.2) leading to

pn(@)>p—-C¢, n=1,...,N (4.5)

where(C' is ana priori chosen constant. Furthermore, we can definestiemarging,, of
an exampléx,,, y,,) as a tradeoff between the margin ajd

pn(@) := pp(&) + Cp (4.6)

3. In Mason et al. [1998, 2000] a similarly motivated apptoheas been taken. They proposed a bound, which is
then used to optimize the margin distribution directly.

4. However, we will not give a probabilistic interpretati@nd any reasonable quantity could be used. See
discussion below.
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and from (4.5) we obtain

Pn(@) > p. (4.7)

Now we can again easily find a solution with largeft marginon all examples, i.e. maxi-
mize p, and we expect to observe less overfitting.

The problem of course is how one should defjpeWe restrict ourselves to present only
one definition off based on thfluenceof examples on the combined hypothesgs

t ~
(t) — Ar g

o r:zl Zi':1 "
which is the average weight of an example computed durindethming process. The
rationale is: an example that is very often misclassifies (iard to classify correctly) will
have a high average weight, i.e. a high influence. We obséhatdn the noisy case there
is (usually) a high overlap between examples with high imfbeeand examples that are
mislabeled or other examples very near to or only slightlydrel the decision boundary.
Therefore, it makes sense to mistrust examples with higheénftes in the noisy case. Thus,
we define( by

Cn = ity (4.8)

If a training example has a high influen¢g, then also the margin is virtually increased.
If one maximizes the smallest soft margin, one does not forgéers to be classified
according to their possibly wrong labels, but allows for gosnrors. Note that (4.8) implies
a prior to weight all examples equally. This counterbalarthe tendency of AdaBoost-like
algorithms to overweight certain examples: we tradeofiMeein margin and influence.

Of course, other functional forms gfare possible and seem to be reasonable. In Ratsch
et al. [2001] we also proposeq = (,qu))Q, which can have advantages in some cases.
In the Section 4.3.2 we propose another choice motivated fhe soft margin approach
[Cortes and Vapnik, 1995] used in SVMs [see also Ratsch,2@00a]. Another idea, for
instance, is to s@ff) = P[f,» (x,)], whereP is someegularization operatarVia P itis
possible to incorporate prior knowledge about the problehead, like smoothness of the
decision boundary much in the spirit of Tikhonov regular&e.g. Tikhonov and Arsenin,
1977, Smola et al., 1998b, Rokui and Shimodaira, 1998],\@riance regularization e.g.
for OCR problems [e.g. Scholkopf, 1997, Mika et al., 2000a]

4.2.2 AdaBoO0skeg

Using the soft margin instead of the actual margin, one méymeulate any of the hard
margin algorithms considered so far to develggpé margin algorithmTo exemplify this

translation procedure, we use AdaBoost as a basis. It cdsidbee done with Arc-GV,
Marginal Boosting and Logistic Regression.
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As discussed in Chapter 2 and Chapter 3, AdaBoost minimieekss function

N
G[fal = exp {—pn(d) > @J} : (4.9)

wherep, (&) is as defined in (1.11). We have shown that the combined hgpistigener-
ated by AdaBoost after many iterations is related to thetgmiof the margin-LP problem
(2.3). Thus, AdaBoost and also the other algorithms can lbenstood as a general ma-
chine for (approximately) solving large, possibly nonelam min-max problems of the type:

max p
with ) >p foralln=1,... N
()—p e (4.10)
j,p>0 forallj=1,...,J
J
Zj:1aj—17

wherep,, (&) can be a quite general function e.g. nonlinearly dependngsdx,,). Note
that in (2.3) we have, (&) = p,(&) andp, is therefore a linear function i&. Although

it might be difficult or even NP hard to find a global solution(4f10) in the general case,
we have experienced that if the function is smooth, one ditefs “good” local minima
[e.g. Kohimorgen et al., 2000].

The strategy of e.g. AdaBoost is to minimize the loss fumci4.9). We propose to
modify AdaBoost’s cost function (4.9), where the actual gimap is replaced by the soft
margin g, in particular, we sep as in (4.7) and (4.8). By minimizing this modified cost
function one can argue that one approximately solves (4Tt§ same technique can be
used for other soft margin definitions and our propositidn ise seen asracipeto develop
new soft margin algorithms based on a boosting-like alporifsee also Friedman, 1999,
Mason et al., 2000]. In fact, in the next section we will prep@nother algorithm that is
closely related to the soft margins used in SVMs [cf. Cortas \dapnik, 1995].

By this argumentation, we arrive at an algorithm with a nessltunction by plugging-in
our choice of¢,, as in (4.8):

Gred fa] = Zexp {—pn (@)Y a } (4.11)

J

N
=) exp {— [pn (&) + Cn] Zda} :

n=1 K
Having defined the cost function, we can use the techniquisoged in Chapter 3 (cf.
Algorithm 3.4) to derive an iterative algorithm to reducedadeally minimizeGged fa ]
[see also Mason et al., 2000, Ratsch et al., 2001, 2000phricular, one can derive the
example weightingl®® and how one should choose the hypothesis coefficigniThe
pseudo-code of the resulting algorithm is given in Algariti.5.
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Algorithm 4.5 The AdaBoosteq algorithm [Ratsch et al., 2001]

1. Input: N examplesS = {(z1,y1),..., (x~,y~)}, Number of iterationg’, Regularization
constantC'

2. Initialize: d\) = 1/Nforalln=1,...,N
3. Dofort=1,...,T,

(a) Train classifier with respect to the weighted sample{Sed“)} and obtain hypothesis
hy i@ — [—1, 1]
(b) Find the hypothesis coefficient by solving

N t
¢ = argmin Z exp {_ [pn(a(t) +C (t)] Z } .

at>0 ne=1

t
(c) Update weightg!{+") = = exp {— [p (a®) + Cu(”] Z } whereZ, is such
Zy vt

that N, di ) =1.
4, Break if a; <0
5. Output: Final hypothesis with weighta*) as in Algorithm 1.1

From an optimization point of view, however, our choice(oés the influence of the
example is difficult to analyze, since one essentially usesltial variabled in the primal
domain® We conjecture that the optimization problem is rather harsdive exactly. We
can therefore not give a convergence result of this algaritiowever, we conjecture that
the analysis of boosting based on the techniques presengettion 2.5 can be extended
to solving (4.10) (in particular for other choices @fcf. discussion above). If the feasible
set is convex, then it appears possible to prove that theiligpconverges to a minimum,
as long as the sum of the hypothesis coefficients goes totinfefi Section 2.5) [see also
Mason et al., 2000], but this goes beyond the scope of thigshe

4.2.3 Experimental lllustration

In Figure 4.3 we illustrate AdaBoagi; on a two dimensional toy example. First, we run
AdaBoost on the data without noise [left]: the decision atany is smooth and sup-
ported only by a few examples. There are about five examplesadahn class that have
non-negligible influence (diameter of the points are préipoal to the influence of the
examples). When adding three additional examples, thesideddoundary changes signif-
icantly. In particular the three added examples (which atéers or mislabeled and there-
fore hard to classify) have a high influence on the boundaheared with about five other
examples in each class. Removing any of the three exampleklwbange the bound-

5. Motivated by Jaakkola and Haussler [1999], a similar apggh for SVMs was taken in Weston [1999],
Herbrich and Weston [1999]. They proposed a linear progizah minimizes an estimate of the leave-one-out
error for SVMs. Seen in this context, AdaBoggf might be understood as an algorithm that approximately
minimizes its own leave-one-out error. This is an intergstproperty, which might partially explain its good
performance. This topic will be subject to further research
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Figure 4.3 lllustration of AdaBooste;; The decision boundary of AdaBoost on a toy data set
(red: positive class, blue: negative class) without [leftd with noise [middle]. The boundary is
considerably changed when adding only three examples (eyiddper/lower right). On the right the
boundary generated by AdaBogstis plotted. The boundary is almost unchanged compared to the
case without noise. The diameter of the points is propaalitmthe influence of the example. When
using AdaBoosteg, the influences are spread over more examples near the bgunda

ary considerably. In Figure 4.3 [right] the boundary anditifeuences of AdaBoogtgare
shown. We observe — as initially proposed — that the influgrdell the examples with
high weights in AdaBoost (cf. Figure 4.3 [middle]), now hdawer weights, whereas other
examples become more influencing: now there are at leastdi@@rs per class that sup-
port the decision boundary. Roughly speaking, AdaBggsipreads the influences over
more examples near the decision boundary. Seen in the frark@f/algorithmic stability,
this demonstrates that AdaBoggfperforms favorably on noisy data.

4.2.4 Summarizing Remarks

We proposed a modification of AdaBoost to reduce the influefoexamples that are
hard to learn. The essence of our approach is to achieve ansoffin in contrast to the
hard margin classification used before. The propdsade-off between the margin and
the influenceof an example allows to control how much we “trust” in the d&a we are
permitted to ignore noisy examples (e.g. outliers), whicluld otherwise have spoiled our
classification.

Note that we only gave one definition for the soft margin legdio AdaBoosieq
Other extensions that e.g. use regularization operatogs §mola et al., 1998b, Rokui
and Shimodaira, 1998, Bishop, 1995] or that have other fanat forms [cf. Ratsch et al.,
2000a] are also possible and seem reasonable. In the nexinsee will consider an
algorithm /-Arc) that makes use of ideas proposed in this section.

One of the problems of AdaBogg}; is that it is not known whether it converges, nor
what the actual optimization problem is. The modificatiodasie on an algorithmic level,
which makes it difficult to relate the output of AdaBogsito a solution of an optimization
problem. Nevertheless, it was one of the first boosting-dikgrithm that achieved state-
of-the art generalization results on noisy data [cf. R&tsk998]. In our experimental
evaluation, we find this algorithm among the best performings. It is future work to
follow the underlying idea of AdaBoagiyand to give it a better theoretical foundation. In
the next section we propose another technique based onted@aa, for which we have
a much better theoretical understanding.
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4.3 Algorithms based on Linear Programs

In Chapter 2 we have worked out connections of boosting tgyinanaximization. The
algorithms under consideration are approximately sohgrimear program — the margin-
LP problem (2.3). As discussed in Section 4.1, for noisy fgois these algorithms perform
suboptimal. From (4.1), this is indeed not surprising. Theimum of the right hand side
of inequality (4.1) is not necessarily achieved with the maxn (hard) margin hyperplane.

We now propose an algorithm, where one can directly contrelrtumber of margin
errors and, hence, is able to control the contribution ohberms in inequality (4.1)
separately. We first propose an extended linear program #the problem — and analyze
its solution. In Section 4.3.2 we propose to solve the prohblsing similar techniques as
in the last section leading to theArc algorithm. Whereas this algorithm turned out to
work rather well in practice and it is clear where it is suppa$o converge to, it is difficult
to prove its convergence to the solution to theP problem. We therefore propose a later
developed barrier algorithm, for which we can finally showneergence. In our empirical
evaluation (cf. Section 4.4.1), we will indeed find that thearker algorithm algorithm
performs slightly better than the-Arc. The improved algorithm is therefore preferable
from a theoretical and a practical point of view.

4.3.1 Thev-LP Problem

Let us consider the case where we have given a (finiteflset{h; :  — [-1,1],j =
1,...,J} of J hypotheses. To find the coefficientsfor the combined hypothesj, (x),
we extend the margin-LP problem (2.3) and solve the follgwinear optimization prob-
lem [see also Bennett and Mangasarian, 1992, Ratsch €0&l0a], which we call the
v-LP problem:

N
max p_ﬁzn:1fn
with  y,fa(xzn) >p—¢, foraln=1,...,N
&n,bj,p>0 foralj=1,...,Jandn=1,...,N
J A
Zj:laj::l’

whererv € (1/N, 1) is a parameter of the algorithm. Here, one does not forceaiyms to
be greater than zero and we obtaisadt marginhyperplane with a regularization constant
%. The dual optimization problem of (4.12) is the same as tlgedd® problem (2.3)
with one additional constraind,, < ﬁ [Ratsch and Warmuth, 2000, Problem L3]. Since
d, is the Lagrange multiplier to the constraint for theh example, its size characterizes
how much the example influences the solution of (4.12). Se#rei context o&lgorithmic
stability, we see that the introduction of the soft-margin by usinglsheariablest,, limits
theinfluenceof each example: whereas one example can have an arbitgdryrifluence
(large Lagrange multiplied,,) in the edge-LP problem (2.3), here it is bounded;&y.
Thus, our approach can also be justified by following the shnes of reasoning as for
AdaBo0Sskeg

(4.12)
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The following proposition shows thathas an immediate interpretation:

Proposition 4.1 @-Property, e.g. Scldlkopf et al. [2000], Graepel et al. [1999], Rtsch
etal. [2002]). Suppose we run the algorithm given in (4.12) on some datahétresulting
optimalp > 0. Then

1. v upper-bounds the fraction of margin errors.
2. 1 —vis an upper bound on the fraction of examples with a margigdathanp.

For a sketch of the proof see Figure 4.4 [cf. also Scholkale 2000, Graepel et al.,
1999, Ratsch et al., 2002].

Figure 4.4 Graphical proof of the/-property. Imagine decreas-
° ing p, starting from some large value. The first termup —
% Zle &, (cf. (4.12)) will decrease proportionally tg, while
the second term will decrease proportionally to the fractd
R points outside of the margin area. Hengeyill shrink as long as
.. the latter fraction is larger than. At the optimum, it therefore
“must be< v (Proposition 4.1, 1). Next, imagine increasipg
starting from0. Again, the change in the first term is proportional
tov, but this time, the change in the second term is proportitmnal
the fraction of examples in the margin areaeaactly ornthe mar-
x “~.__ gin. Hence,p will grow as long as the latter fraction is smaller
x " thanv, eventually leading to Proposition 4.1, 2.

Using this property we can now state a generalization eroamd in terms ofv and
p(v) = p¥) using (4.1) that boundg[f] for ensemble methods in terms of the margin
distribution. By Proposition 4.1 we have that the humber xdireples with a margin
smaller tharp is bounded by, i.e. R,[f] < v. Hence, we obtain the following simple
reformulatior? of Eq. (4.1):

Proposition 4.2 (Ratsch et al. [2000a]).Let P(X, Y) be a distribution oveK x {—1, 41},
and let.S be a sample ofV examples chosen i.i.d. according fd Suppose the base-
hypothesis spadé has VC dimensiorl, and letd > 0. Then with probability at least — §
over the random choice of the training s€t Y, every functionf € co(H) generated by
the algorithms above satisfies the following bound fowadl (0, 1) with p(*) > 0, where
p¥) is the solution to (4.12):

i sveo (1 (PO g (;))) C aw

Thus, the tradeoff in minimizing the right hand side betwéas first and the second
term is controlled directly by the easy interpretable regahtion parametar.

Remark 4.1. There is another kind of bound that could be derived usiagpression
schemegsee Appendix B.5 for some definitions and results). It cefyedds on the fraction
7 = v of examples that arm or on the edge athe margin area. It does not depend on the

6. A similar result has been obtained for SVMs in [Scholkepél., 2000, Proposition 16].
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base hypothesis space. Furthermore, it can be shown [Floygdvdarmuth, 1995] that it
already yields non-trivial results far < % (cf. Appendix B.5).

Since the slack variables, only enter the cost function linearly, their absolute size i
not important. Loosely speaking, this is due to the fact tbathe optimum of the primal
objective function, only derivatives wrt. the primal vaslas matter, and the derivative of
a linear function is constant. This can be made more explaiy exampleoutsidethe
margin area, i.e. satisfying,, fa(x,) > p, can be moved arbitrarily, as long as it does
not enter the margin area. Only if the example is exactly endtige of the margin area,
i.e. ynfa(x,) = p, then (almost) no local movement is possible without chagdhe
solution. If the exampléz,,, y,,) is in the margin area, i.€,, > 0, we have the following:

Proposition 4.3. Given a training sampleS andv € (0,1). Let p*, &" and ¢* be the
solution of (4.12). Led* and~* be the corresponding dual solution. For any training
examplgx,,,y,) with&, > 0 (i.e.y, fa* (z,) < p*) holds:

. Alocal movement of the example in feature spage= ®(x,,) (cf. (1.23))

(a) perpendicular to all coordinateg satisfying(U.. ;,d*) = ~+* does not change the
solution of (4.12), and

(b) in direction parallel toA with A; = { un (U4 )=3" does not changé* and p*,

whereU,,; = ynh;(z,) (asin Section 1.3.3). Also, any combination of 1. and 2. dog¢s
change&™ andp*.

. If the labely,, is changed to the opposite clagg, (= —y,), it does not changé&™ andp*.

The proof is shown in Appendix A.3.1 on page 142.

So, there is a large degree of “freedom” for distorting tharaple and even the label
without changing the classification rule. In fact, if onlyemfhypotheses are combined (
is very sparse), then most of the coefficients are zero and #ve more allowed directions
to modify the examples. One can show that each example carobediocally in an at
leastJ — N + 1-dimensional subspace of the feature spga¢ef. Section 5.2). This yields
a desirableobustnesgroperty. Note, in the case of SVMs one can only move thenilioca
parallel to the normal vectaw of the hyperplane [Scholkopf et al., 2000], i.e. in an one
dimensional subspace Bf Summarizing, the solution essentially depends omtimaber
of outliers (or other unreliable examples), not on the sizthe margin error [Ratsch et al.,
2000a]. This number could e.g. be knoarpriori, depending on how noisy the data is,
potentially leading to good initial guess of

4.3.2 v-Arc

We are now going to present our first algorithm. Suppose wee laavery large base
hypothesis claskl. Then it seems to be difficult to solve (4.12) directly. Tosteind, we
propose an algorithm — calledArc — that is supposed to approximate the solution of (4.12)
[cf. Ratsch et al., 2000a]. The idea is to transform thedimogram (4.12) to a min-max
problem of type (4.10) and then use e.g. AdaBoost or Arc-G&fproximate the solution
of (4.12) (cf. Section 4.2.2).
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Suppose we are given soree Then, we may compute the margimg&) by (4.2). The
optimalp for (4.12) is determined by

N
1
= argmax - — — pn(& . 4.14
p = argma <p —~ ;[p pn )]+> (4.14)
wherel[x]; := max(k,0). For a given margim one can compute the optimgls simply
by &, := [p — pn(&)]+. The constrainp,, (&) > p — &, as in (4.12) can be rewritten as

1 & 1 &
@) ten——=D & 2p——=d b (4.15)
n=1 n=1

Two more substitutions are needed to transform the probteanrhin-max problem as in
(4.10). In particular we have to get rid of the slack varialglg again by absorbing them
into a quantity similar tq,,(&). This works as follows: on the right hand side of (4.15)
we have the objective function (cf. (4.12)) and on the leftdhaide a term that depends
(nonlinearly) ona. We define

N
al@) 1= pa(@) + 60—~ Dt (4.16)
n=1

The quantityp,, (&) plays the role of &oft marginwith ¢, = &, — - ZnN:1 &, defines
some “mistrust” in the sense of Section 4.2 (cf. (4.8)). 1116}, however, one does not need
to define the “measure of mistrust” explicitly, but one sfiesiafraction v of examples
that should be “mistrusted”. The computationgf(&) is illustrated in Figure 4.5.
Plugging-inp,,(&) asin (4.16) into (4.10), we obtain a new optimization proble/hich
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Figure 4.5 lllustration of the soft margins Figure 4.6 lllustration of the weighting
in v-Arc: One computes the margin diStribUScheme inv-Arc: Based on the soft margm

tion graph [Schapire et al., 1998] and cuts th@omputed in (4.16) (cf. Figure 4.5), the weight
graph at a fraction of (herev = 20%), lead- 4, of the example(z., y.) is computed by
ing to a margin valug”). The soft-margin exp(—4, Y é:)/Z:. A fraction of abouty

pn @s in (4.16) is then computed as followsgxamples have the same soft margin and there-
If pn < p“, thenp, = p — (. If fore the same weight. The weights of the other
pn > p), thenp, = pn, — (u, Where examples are exponentially decaying (shown
Cn =&n —>_;&/(vN) asin (4.16). for two different values o ;).
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has the same solution as (4.12). Following the reasoningeofi® 4.2.2, we may e.g.
use Arc-GV to approximately solve (4.12). Thus, by replgdine marginp,, with p,, in
G(a®) (cf. (4.9)), we obtain a loss function, which leads to a negogthm. We call it
v-Arc [see also Ratsch et al., 2000a]. Again the example weigldifl can be computed
by the method proposed in Chapter 3 (cf. Figure 4.6). Alponit.6 shows the pseudocode
of v-Arc.

Algorithm 4.6 Thewv-Arc algorithm [Ratsch et al., 2000a]

1. Input: N examplesS = {(z1,y1),..., (z~,y~)}, Number of iterationg’, Regularization
constant/

2. Initialize: d\) = 1/Nforalln=1,...,N
3.Dofort=1,...,T,

(a) Train classifier with respect to the weighted sample{Sed(t)} and obtain hypothesis
ht o d [—1, 1]

(b) Find the hypothesis coefficient by solving = argmin G(a(”).
ay >0

(c) Computep™ by solving (4.14).

1 ! .
(d) Updated(*" = Zexp{—(pn(oﬁ”)—[pn(a“>>—p“>}+)Zat}, with Z;
r=1

N
such thaty it =1,

n=1
4. Break if a; <0
5. Output: Final hypothesis with weighta*) as in Algorithm 1.1

6. Function G(a)
(a) Computep by solving (4.14) and s&t, = [pn(a) — p]4+ foralln=1,..., N

N 1 N t
(b) Return_ exp [— (pn(a) - > &) > Ott:|

n=1 =

The computational costs for determining the hypothesightei; is considerably higher
than for AdaBoost. The implementation given in Algorithné sieedsd (N log®(1/e))
of basic operations to find; with accuracye (using a binary search). This might be a
problem, if the base hypothesis is very simple and compuiintakes a relatively high
fraction of the computing time. To avoid this problem, oneymae similar approximation
approaches as e.g. used in Schapire and Singer [1999].

4.3.3 A Barrier Algorithm

From an optimization point of view, both algorithms propds® far are not satisfying.
Although in practice they perform well (as we will show in Sen 4.4.1), they might
actually not be able to find the optimal solution to the cqumesling optimization problem.
We therefore propose an algorithm that uses the barriemigdtion technique which we
already found to be related to AdaBoost and Arc-GV. For thgedthm we can actually
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show the convergence to the optimal solution of (4.12). Horief introduction to barrier

optimization in the context of boosting see Section 2.5, épmjix B.2 and Ratsch et al.
[2000c]. For more details on the optimization method see ferigch [1955], Cominetti

and Dussault [1994], Bertsekas [1995], Nash and Sofer [[L996

For the sake of simplicity let us slightly reformulate thedar program (4.12):

J N
min C a; + n
o Z ! ZE
j=1 n=1
with v, fa(xn) >1-¢, foraln=1,...,N
&n,0; >0 forallj=1,....,Jandn=1,...,N

(4.17)

One can in fact show that (4.17) has the same solution as)(4dr2any givenv one
can find aC' such that both problems have the same solution (up to s¢déhddemiriz
et al., 2001b, Theorem 3.1]. However, unfortunately oneddsev-property. The follow-
ing derivation could in principle also be done without thigrisformation (using similar
techniques as proposed in Ratsch et al. [2002], see alsog4R02]), but it makes the
presentation considerably more difficult.

The barrier minimization objective for the problem (4.18)jng the exponential barrier
can be written as:

J N N

Fafa€) = O30+ Y 6t 83 [oxp (=5 ) oxp (S eal2 1)

j=1 n=1 n=1 (418)
wheref is the barrier parameter and we have omitted the constréints0. They will be
satisfied outside the barrier optimization. The first twarteiin (4.18) are the objective of
(4.17), the first term in the sum corresponds to the condgin > 0 and the last term
implements the constraingg, fa (z,) > 1 — &,. By settingV¢ F3 = 0, we can find the
minimizing slack variablest of (4.18) for givens anda:

€n(6r, B) = Blog [1 +exp (“y"ff“(‘”")ﬂ (4.19)
Thus, the problem of minimizing (4.18) is greatly simplifjexs there areéV variables
less to optimize. Plugging-in (4.19) into (4.18) yields

! al 1- ynféz(mn)
Fs(a) = C’Zdj +7 Zlog [1 + exp <7>
j=1 n

> 3 + BN (4.20)

Remark 4.2. If we set = 1 andC = 0 (i.e. if we do not regularize), then we almbst
obtain the logistic loss as in Section 3.1 (cf. (3.2)). Theent approach can indeed be
understood as a leveraging algorithm like in Chaptewish regularization Furthermore,
if we let 8 go to zero, then the loss in (4.20) converges to the so-caldEmargin loss
[Bennett and Mangasarian, 1992] (al$unge losgdGentile and Warmuth, 1999]).

7. There is an offset by. Roughly speaking, this offset is responsible for largegime:



4 Soft Margins

We propose an algorithm (cf. Algorithm 4.7) that iterativelinimizes (4.20) for a fixed
B up to a certain precision. Thehis reduced and the optimization restarts. In order to
minimize (4.20) for fixeds we follow the leveraging scheme as in Chapter 3: In each
iterationt of the algorithm, one selects a hypothesis and then mingwidth respect to the
corresponding variable. There are several issues thattodeldiscussed, in particular:

1. Are there different assumptions on the base learner sagefr convergence?

2. How should one handle the positivity constraints?

. When and how should be decreased?

Questions 1 and 2 are thoroughly answered in Ratsch et @02]2 Here, we give a
discussion of the results only.

Algorithm 4.7 The Barrier Algorithm for Classification

1. Input: N examplesS = {(z1,y1),..., (x~,y~)}, Number of iterationg’, Regularization
constantC'

2. Initialize: £ =0, 81 = Bean, dS = [exp(1/8P) +1] 1, n=1,...,N.
3. Dofort=1,...,T
(a) Train classifier with respect to the weighted sample{Sed(t)} and obtain hypothesis
ht o d [—1, 1]
N t
(b) Lety, =Y ynd b, (xn) anda, = a,I(he =h,) forr=1,... .
n=1 s=1
(c) r* = argmin4,, whereJ = {i | i € {1,...,t — 1} andg; > 0}.
i€]
(d) if 4+ — C < C — v+ thenhy = h,« anda, = ...
elseq, =0
(e) Find hypothesis coefficient by solviag = argmin F ;) (a')

at>—ay
(f) Let B = =1 4 oyhy.

: +1) _ exp([l — ynf(t)(mn)]/ﬁ(t))
(g) Update weightd,, = TF exp(l = g fO (@ )I/0)

(h) if | dPhe(@n) — Cf < B, then B0+ .= next(8")) elseg*+1) = g

4. Output: Final hypothesig (™

To answer the first question, suppose one would use a basetdhat returns hypothe-
ses with (approximately) largest edge (cf. Definition 3Ben one would do positive
updates only. Therefore, also the coefficients of previpsslected hypothesis need to be
reconsidered. One has to check whethetrselecting them, could violate tldeoptimality
condition needed for Proposition 3.3 (for the negativedtiom). If this is the case, then
our algorithm selects such a hypothesis for the next it@ndtistead of using the hypothe-
sis returned by the base learning algorithm (cf. Algorithm, 4tep 3d). One therefore has
to use awrapperaround the base learning algorithm (cf. Algorithm 4.7, st8p—3d) to
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satisfy the conditions of Proposition 3.3. In condition 1D&finition 3.4 one makes use of
the vectory used in the objective (3.24). In the last chapter it was 2agte@reas here we
sety = C'1. This makes the requirements on the base learner indeedresirieting. For
instance, for very largé’ there might exist only one elemehf € H that satisfies; > C
and the base learner has to return this particular hypathesi

Furthermore, one has to ensure that the hypothesis coetfcgtay positive over all
iterations. Note that simply adding a constraint> 0 (e.g. in step 3b of Algorithm 3.4) is
undue, since then one could never reduce a potentially tge zoefficient (cf. discussion
above). We therefore add the constraint > —q, to the minimization with respect to
a; (cf. Algorithm 4.7, step 3e). The lower boune, is zero for all hypotheses directly
returned by the base learning algorithm and can be negdtitreiwrapper selects a
previous hypothesis (cf. step 3b). Note that a hypothegfficeent can only be too large,
if the corresponding hypothesis has been selected in aqueiteration (cf. definition of
in step 3c). This discussion leads to the first part of Aldomit4.7, for which we can show
linear convergence for fixedl.

This algorithm is one instance of a family of algorithms widgularized cost functions,
for which we have extended the convergence analysis pesd@nSection 3.4 to the case
of minimizing F[fs] = G(H&) + CJlé||;. To obtain the corresponding algorithm one
has to omit step 3h from Algorithm 4.7 and computes the exam@ightingd as in
Algorithm 3.4 [for details see Ratsch et al., 2002]. Theldko

Proposition 4.4 (Ratsch et al. [2002]).Given a regularization constait > 0, a training
sampleS and a finite hypothesis spad¢t¢ Assume that each;(x,) andy, is finite.
Assume the loss functidiis defined orRY, lower bounded and strongly convex on any
bounded subset & . Suppose the algorithm described above generates a segoénc
combined hypotheses, o), 4, ... using ad-optimal base learner. Then the sequence
of coefficients{d(t)} of the combined hypotheses convellgesarly to a minimizer of the
£1-norm regularized cost function.

The proof is given in Appendix A.3.2 on page 143.

Proposition 4.4 shows that Algorithm 4.7 converges for figed- 0. This proposition
is indeed a nice auxiliary result of this section. It essalytishows that any leveraging
algorithm as considered in Chapter 3 can be extended easilydggularized version. The
LASSO algorithm for regression [Tibshirani, 1994], the PB\algorithm (using the/; -
norm) for classification [Singer, 2000] and the sparse (&R Risher discriminant (SKFD)
algorithm [Mika et al., 2001] are good examples, where ongccapply this result [see
also Chen et al., 1995, Bradley et al., 1998]. A more detalisdussion is given in Ratsch
et al. [2002].

Itis left to answer the third question regarding the decretoé&s. The answer is readily
found in a proposition proven in Cominetti and Dussault [A9&f. Proposition B.1 in
Appendix B.2). Roughly speaking one has to ensure fhat 0 and||Vg>oFs| — 0
to achieve the desired convergerfodle take the following approach: We reduggif the

8. HereV4>o F is the projected gradient. It is actually the sub-gradidratroextended function. See proof of
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(sub-)gradient with respect @ is small enough, say smaller th&{3). This is imple-

mented in Algorithm 4.7. We can show thais decreased only if > 6||Va>0 Fg [|oc-
Finally, we need to answer the question h@wshould be decreased (at which rate).

One has to ensure that ff is reduced, the gradieif s> F3 cannot become arbitrarily

large. Otherwise the iterates may not converge. For instaioc next(5) = ¢3, where

¢ € (0,1), we can show that the gradient changes only slightly andioolsly, 5 and, as

we will show in the proof, the gradient will go to zero.

By this discussion we can show the desired convergence afrifton 4.7:

Theorem 4.3. AssumeH is finite, the base learnef is é-optimal andC' > 0. Let
next(f) = ¢f for some fixed € (0,1). Then forT — oo the output of the algorithm
converges to a global solution of (4.17).

The complete proof is given in Appendix A.3.3 on page 145.

Let us briefly discuss the relation between both algorithrashave proposed in this
section. Different from the-Arc, we explicitly allow to do steps to reduce some hypoihes
coefficientsa in the barrier algorithm. In-Arc the length of thex’s can only increase.
Since the above-mentioned reduction of coefficients isrgigddor the convergence proof
of the barrier algorithm, we conjecture thatArc may not converge in all cases. Also, in
the barrier algorithm we have decoupled the barrier paranfefrom the length of the
hypothesis weight vector (cf. Section 2.5). In the separabke it was shown that the sum
of the &’s grows to infinity, however, for the non-separable casey timay stay finite and
the barrier parameter would not reducetor his is leads to another problem in showing
the convergence af-Arc. Despite these theoretical problemsArc has been one of the
first algorithms approaching the problem of overfitting inobting and yields state-of-
the-art results. The barrier algorithm was developed lamt@rder to solve the theoretical
convergence problems connected witirc.

4.3.4 An lllustrating Toy Experiment

In a first study, we show a set of toy experiments to illustthgegeneral behavior of-Arc.
The barrier algorithm behaves similar, but does not havetheperty. As base hypothesis
classH we use RBF networks (see Appendix B.6.1 and Muller et alo@1p and as data
a two-class problem generated from several 2D Gauss blo@is¢R, 1998], where we
randomly flipped» = 0%, 10%, 20%, 25% of the labels.

We obtained the following results [cf. Ratsch et al., 2000a

= y-Arc leads to approximately N examples that are effectively used in the training of
the base learner: Figure 4.7 [left] shows the fraction ofrepkes that have high average
weights during the learning process (hgrj(%:1 d? > 1/2N). We find that the number of
the latter increases (almost) linearly with{see also Figure 4.6).

= |t leads to the fractiow of margin errors (cf. dashed line in Figure 4.7) exactly asest

in Proposition 4.1.

Theorem 4.3.
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= Ther algorithm is more robust against label noise than Arc-G\Malwtwe recover for
v = 0, and also AdaBoost [for details see Ratsch et al., 200Gal]lustrated in Figure 4.8,
also for increasing label noigethe minimum around the optimal stays reasonably flat.
This coincides with the interpretation of Proposition sattthe optimal’ should increase
with the noise level.

= The (estimated) test error (averaged over ten training sgtsbits a rather flat minimum
in v (Figure 4.7 [right]). This indicates that just as IISVMs [Scholkopf et al., 2000}

is a well-behaved parameter in the sense that a slight nisdgnt it is not harmful.

= Finally, a good parameter aof can already be inferred from prior knowledge of the
expected error. Setting it to a value similar to the latteryites a good starting point for
further optimization (cf. Proposition 4.2).

Note that forv = 1 we recover the Bagging algorithm (if we use bootstrap sag)pkes
the weights of all examples will be the saméft =1/Nforalln=1,...,N)and also
the hypothesis weights will be constant; (~ 1/7 forall ¢ = 1,...,T). This can be
seen by setting!*) = 1 ande, to an arbitrary positive constant, sin€éa) does in this
case not depend an.. However, then the algorithm does not “boost” the perforogaof
the base learner enough and one is likely to underfit the €taversely, ifv ~ 0, one
obtains Arc-GV and is overfitting the data. Roughly speakmgchoosing the parameter
v appropriately, one uses the right mixture between BaggimpBoosting. This behavior
is in good agreement with the bound on the generalizatiar éef. Proposition 4.2).

4.3.5 Summarizing Remarks

We proposed a modification of the margin-LP problem by intimidg slack variabledo
the margin constraints as similarly proposed for SVMs [€srand Vapnik, 1995]. The
resultingv-LP problem is shown to be robust to local movements of thengtes in
hypothesis feature space. We developed two algorithmsithaupposed to solve thel P
problem. Firstv-Arc, which is appealing due to its simplicity and theproperty. Then a
barrier algorithm, for which we have shown convergence tolat®n of thev-LP problem.
Both algorithms are in fact very similar. However, the barialgorithm does not have the

[
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Figure 4.7 Toy experimé/ntﬁ = 0): the left plot shows the average fruactioniofportantexamples
(see main text), the av. fraction of margin errors and thdraining error for different values of the
regularization constant for v-Arc. The right plot show the corresponding generalizagoror. In
both cases the parameteallows us to reduce the test errors to values much lower thathé hard
margin algorithm (forr = 0 we recover AdaBoost and for = 1 we get Bagging.)
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Figure 4.8 lllustration robustness of

o] v-algorithms: Depicted is the gen-
eralization error overv for differ-
035, 1 ent label noise levels (on the train-

ing set; solid=0%, dashed=10%, dot-
. dashed=20%, and dotted=25%). Also,
R AN | the minimal generalization error is bet-
) ' ter than for plain AdaBoost, which
achieved12.3, 13.8, 15.8 and 17.7 re-
spectively. In particular for higher noise
levels ther algorithm performed rela-
] tively better (best resultsl.2%, 11.5%,

oo he0E 040800 0T 0B e a0 12.9%, and15.3%, respectively).

v property. Using the techniques proposed in Ratsch et BDZPfor an unsupervised
learning problem, one can keep theroperty (see also Zhang [2002]).

The barrier algorithm is related to regularized logistignession. For proving the
convergence of our algorithm, we extended the analysiepted in Chapter 3 to the case
with £;-norm regularization. This builds a clean basis for devigelgmther regularized
leveraging methods [e.g. Ratsch et al., 2002].

Recently, a different algorithm for solving (4.12) has bgeaposed by Demiriz et al.
[2001b]. It uses th€olumn Generation (CG) methdehown from numerical optimization
[e.g. Nash and Sofer, 1996, Section 7.4]. The basic idealohuogeneration is to itera-
tively construct theptimalensemble for @estricted subsetf the hypothesis space, which
is iteratively extended. This approach has indeed somentalyes over the presented ap-
proaches, in particular: (i) well defined stopping criteaiad (ii) finite termination at the
optimal solution [cf. Demiriz et al., 2001b]. However, in@res to solve (or update) a lin-
ear program exactly in each iteration, which makes the impletation considerably more
difficult. The barrier approach combines the meritgeArc and the CG approach, as it is
a relatively simple algorithm with good convergence praigsr

In Chapter 5 we consider regression algorithms. Here thétgud the approximation
of the global solution is of higher importance and we will acf use the CG technique to
derive a regression algorithm.

4.4 Evaluation and an Application

This section summarizes our efforts to show that the progp@dgorithms indeed lead
to significant improvements over the original AdaBoost alhpon. In Section 4.4.1 it is

shown that the our new techniques compare favorably to @lgarithms and perform

as well as SVMs. These results place regularized boostitigntques into the standard
toolbox of data analysis techniques. In Section 4.4.2, wesicker an application in a real
world setting and can solve an interesting problem for tleetelc power industry.
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4.4.1 Evaluation on Benchmark Data Sets

In order to evaluate the performance of our new algorithms, perform large scale
simulations on benchmark datasets. On one side we woultblikeow, how they compare
with traditional techniques likd(-Nearest Neighbor classifiers (KNN) [e.g. Cover and
Hart, 1967], decision trees [Quinlan, 1992] and neural oneétw (like the RBF nets,
which we have used in previous sections). On the other sid#lwe#rate that our efforts
to improve the original AdaBoost algorithm have been fulitfFor completeness we
also compare our methods with another state-of-the-adrighgn — the Support Vector
Machine.

4411 Experimental setup

We evaluate eight different algorithms: KNN, decision gieeeural networks, AdaBoost,
AdaBooskeg v-Arc, the barrier algorithm, and SVMs. The comparison isfpened on
ten artificial and real world data sets from the UCI, DELVE &TATLOG benchmark
repositoriestbanana (the toy data set used in the previous sectiobsdast cancer?
diabetes, german, heart, ringnorm, flare solar, new-thyroid, titanic, andwaveform.10
This collection is a well-balanced mixture of differentieeg tasks, which contains high
and low noise problems with just a few examples or with marmm8 of the problems
are originally not binary classification problems, hencarsdom partition into two classes
is used! At first we generate 100 random realizations of training agst et (mostly
~ 60% : 40%). On each realization we train a classifier and then compsitest error.
There are several model parameters to be found for each ohétliecussed below).
To find them we employ 10-fold cross validation (CV) [e.g. B, 1995]. We start with
some initial candidates for the model parameters and coeniet generalization error
estimates using CV. This is independently done for eachefénh data sets on the first
five realizations. This leads to five estimates of optimahpeaters for each data S&tThe
CV method is known to exhibit rather high variance in estimathe generalization error.
To make our comparison more reliable, we select the modelnpeters for one particular
data set to be the median of the five estimates of the optinrahpeters. The median
estimate compensates the high variance of the CV estimatesdigcussion in Muller

9. The b. cancer domain was obtained from the Univ. Med. Celmtst. of Oncology, Ljubljana. Thanks go to
M. Zwitter and M. Soklic the data.

10. For the sake of brevity we omit a detailed descriptionhef tlata sets. We preprocessed them and made
them available omttp://ida.first.gmd.de/ raetsch/data/benchmarks.ht m(including a de-
scription, the splits into the 100 realizations and detaflthe simulation results). In the meantime this new
repository has been frequently used by other researcheteifield [e.g. Weston, 1999, Herbrich and Weston,
1999, Chapelle et al., 2000, Pérez-Cruz et al., 2001]gesinis a good basis for comparative studies [cf. Miller
etal., 2001].

11. A random partition generates a mappimgof » to two classes. For this a randotnl vector m of length

n is generated. The positive classes (and the negative tesbgcare then concatenated. This partition is fixed
afterwards.

12. The parameters selected by the cross validation are do$e to optimal. Only 15-25 values for each
parameter are tested in two stages: first a global searchofiex a wide range of the parameter space) was
done to find a good guess of the parameter, which becomes memiegin the second stage.
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et al., 2001, Section VII.B]. Finally, the model parametesged throughout the training
and testing on all 100 realizations of one data set. This Wagtimating the parameters is
computationally highly expensive, but makes our comparisore robust and the results
more reliable.

Let us briefly consider each of the eight techniques we uskisncomparison to sum-
marize the model parameters needed to be determined by ttel selection procedure
discussed above:

. For the KNN algorithm one needs to find the best number aftrimirsiK . We considered

50 different values from the interv@d, ..., N] (uniformly in logarithm), whereV is the
sample size of the particular data set.

. As decision tree algorithm we use C4.5 [Quinlan, 1992JcWiactually has many param-

eters. The most important one controls the minimal numbesxaimples per node. We
considered 25 different values for this parameter on therviad [1, . .., N] (uniformly in
logarithmic space).

. As a typical neural network algorithm we use RBF nets withive centers as described

in Appendix B.6.1. For selecting the best RBF model we oméihe number of centers
(hidden units) and the number of iterations for adaptingddeters and RBF widths. We
considered up to 30 centers and up to 10 iterations of opditioz. The regularization
parameter was fixed t©0~%, which is a reasonable choice [cf. Bishop, 1995, Orr, 1996,
Muller et al., 1999].

. For AdaBoost as well as for all other ensemble algorithmescombine 200 hypotheses.

Clearly, this number of hypotheses is somewhat arbitrad/raay not be optimal. In an
earlier study [Ratsch, 1998], we verified that AdaBooshvgibme optimal early stopping
[e.g. Bishop, 1995] is not significantly better than AdaBoegh 200 iterations in our
settingl3 However, since we use a fixed number of iterations for allfeging algorithms,
this comparison should be fair.

. AdaBoosteg has the regularization parametgrto be found. Here we consider an interval

from [1, 105] (uniformly in logarithmic space). Since it is so large, wedéwo refinements
of the search intervals [cf. footnote 12 and Ratsch et AD,12

. Finding the parameter ofArc is easier, since one only needs to fing [0, 1].
7. For the barrier algorithm we need to find the regularizaparametet’. A search on the

interval[0.1, 300] turned out out to be sufficient (uniformly in logarithmic sgi.

0.2
Scholkopfetal., 1997], which has one parameter (the RBRFtwi). Furthermore, we need
to find the regularization consta6t determining the complexity trade-off. We performed
a search over the intervals.1, 100] and[0.1, 1000], respectively.

. Finally for SVMs we decided to use an RBF keriglc, y) = exp &—”—”2) [e.g.

As base hypotheses for the ensemble algorithms we use RBRMetdid not particularly

13. It is most of the time worse than any of the proposed sofgmaalgorithms (just as AdaBoost with 200
iterations; see results and cf. [Ratsch, 1998]). In nenealvorks early stopping is frequently used [e.g. Bishop,
1995, Orr and Muller, 1998]. However, it has been argued shankage (regularization) often leads to better
results than early stopping [cf. Copas, 1983, Friedman9]L99
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Table 4.1 Comparison among the eight metho@&:Nearest Neighbor Classifier (KNN), Decision
trees (C4.5), Single RBF classifier, AdaBoost (AB), AdaBegs(AB r), v-Arc, the barrier algo-
rithm (C-Bar), and SVMs: Estimation of generalization €iiro% on ten data sets. The results of the
best method and of all other methods with no significant difiee 09% t-test) are set in bold face.

KNN C4.5 RBF AB ABr v-Arc C-Bar SVM

Banana 15.0+£1.0| 16.1:£2.8|10.8£0.6 || 12.3£0.7 || 10.9:0.4| 10.8+0.5| 10.9+0.5|| 11.5+0.7
B.Cancer 28.4+4.4| 24.6£4.5|27.6£4.7| 30.4:4.7 || 26.5+4.5| 25.8+4.6 | 25.9+4.4 || 26.0+4.7
Diabetes 28.9+2.4| 26.0£2.4|24.3£1.9| 26.5£2.3 | 23.8:1.8| 23.74+2.0| 23.7+1.8|| 23.5+:1.7
German 28.9-1.9| 28.14+2.4|24.+2.4| 27.5L2.5(| 24.3£2.1| 24.4£2.2| 24.3+2.4 || 23.6+2.1

Heart 15.8+3.3| 20.4t4.6|17.6£3.3| 20.3+3.4|| 16.5+3.5| 16.5£3.6 | 17.0+3.4 || 16.0+£3.3
Ringnorm 35.9+1.3| 15.3+1.5| 1.74£0.2| 1.9+0.3| 1.6+0.1| 1.7+0.2| 1.7+0.2| 1.7£0.1
F.Solar 37.8£2.8| 33.2£1.9|34.4£2.0| 35.741.8|| 34.2£2.2 | 34.4+1.9| 33.7+1.9|| 32.4£1.8
Thyroid 5.8+2.8 8.743.3| 4.5+2.1|| 4.4+£2.2|| 4.6+2.2| 4.4+2.2| 4.5+2.2| 4.8+£2.2
Titanic 25.5+3.8| 22.9+1.5|23.3t1.3|| 22.6:1.2|| 22.6+1.2| 23.0+1.4| 22.4+1.1|| 22.4+:1.0

Waveform 11.4£0.8| 17.8t£1.0|{10.741.1(10.8+£0.6| 9.8+:0.8|10.0+:0.7| 9.7+0.5| 9.9+0.4
Mean% 2400+6800|1200+:2700| 5.8+3.7 || 13.4£9.2 || 2.74£2.5| 3.3+£2.5| 3.0+£2.9| 2.9+3.5

optimize the model parameters of the base learner for thenglole algorithms. For
simplicity we took about the best model parameters for sirRBF networks (as found
in step 3). We decided to reduce the number of centers anehization iterations slightly,

to avoid that the RBF network is able to overfit the data — tleeriaging would not make
much sense.

Note, to perform the simulations in this setup we had to tnagme tharg x 10% adaptive
RBF nets and to solve more thaf® linear or quadratic programming problems — a task
that would have taken altogether 2 years of computing time @ingle Ultra-SPARC
machine, if we had not distributed it over about 30 computers

4.4.1.2 Experimental Results and Discussion

Using the model parameters found as described in the lasbsewe computed the test
set errors of all 100 realizations for each of the ten data. datTable 4.1 the average
generalization performance estimates (with standardatiewi) are given. The last line in
Table 4.1 showing ‘Mean%’, is computed as follows: For eaatadet the average error
rates of all classifier types are divided by the minimum erate for this data set and 1 is
subtracted. These resulting numbers are averaged overittata sets and the variance is
computed.
From our experimental results (cf. Table 4.1) we observddhewing:

= The classical techniques KNN and C4.5 that are so often usddta analysis perform
very bad (except in one case for KNN and one for C4.5). On saatee gkts they show an
up to a factor of 20 times higher test set errors than the attethods.

= The single RBF network performs already very well. This wias found in Muller et al.
[1999] for regression problems. It can easily outperformNKahd C4.5.

= The results of AdaBoost are in seven cases significamtlyse than the single RBF
classifier (according to 89% t-test). In one case AdaBoost is significantly better. This
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comparably bad performance is clearly due to the overfittihg\daBoost as discussed
before.

= The proposed algorithms AdaBogs} v-Arc and the barrier algorithm are able to
improve to good results of RBF networks significantly in sases and just slightly in

other two cases. In no case the single RBF network perforgmsfgiantly better than any

of our three regularized leveraging algorithms.

= Compared with AdaBoost they perform significantly bettereight cases and in no
case significantly worse This shows that the regularizagaoegffective and improves the
performance.

= The three regularized leveraging methods perform simildrereasv-Arc is slightly
worse than the AdaBoasgly and the barrier algorithm. In eight out of ten cases,
AdaBooskegand the barrier algorithm perform best or not significanttyrse than the best
methodv-Arc performs only five times among the best. This can be alrtexplained by
some convergence problems, which we could not expel thealigt

= Compared with the results of Support Vector Machines, Adaf@y and the barrier
algorithm perform very competitive. There is no significaifference between the per-
formances of these methods. AdaBaeggmight perform slightly better and the barrier
algorithm slightly worse than SVMs. To be able to measuraifizant differences, larger
simulations are necessary.

Summarizing, our three methods perform very well. In mosthef cases they perform
significantly better than all other methods. Among them Ade$keg and the barrier
algorithm perform slightly better than-Arc and yield competitive results compared to
SVMs. This demonstrates the noise robustness of the prd@dgerithm.

Since we did not optimize the base learner for the ensemaiailey, we conjecture that
these results can be slightly improved to finally perfornmtdrethan SVMs. Note that we
have optimized the kernel parameter for SVMs, which rougdgyivalent to optimizing
the model parameters of the base learner for the ensemlaethigs.

Summarizing, the original AdaBoost algorithm is useful fow noise data sets (e.g.
ringnorm andthyroid), where the classes are relatively easily separable [asshawn
for OCR problems in Schwenk and Bengio, 1997, LeCun et aB51%0ur regularized
versions of AdaBoost extend the applicability of boostingtihods to non-separable cases
and should be preferably applied if the data is noisy.

4.4.2 An Application to a Non-intrusive Power Monitoring System

In this section we consider an application of one of our témpies in areal world problem
To underline its significance, we give some additional backgd information.

4421 Motivation

The most difficult problem for power companies is to hanstert-term peak loadfor
which additional power plants need to be built to give sdg@against a peak load instigated
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power failure. Alternatively one could also think of thelaling future scenario, where
the power companies would be able to (remotely) control newegation household
appliances. At the time of peak demand, the power companiegdwemotely down-
regulate household appliances, e.g. air conditionersesaead; individual appliance would
lose e.g. 0.5% efficiency, without being noticeable by thenb@mwners. This proposed
technigue would be ideally suited for the power companiesriooth the peak demands.

A prerequisite for controlling the electric energy demalnaolvever, is the ability to cor-
rectly and non-intrusively detect and classify the opagattatus of electric appliances of
individual households. Our goal is to develop such a norugie measuring system for
assessing the status of electric appliances. This is a haldem in particular for appli-
ances with inverter systerd4whereas non-intrusive measuring systems have already been
developed for conventional on/off (non-inverter) opergtelectric equipments [cf. Hart,
1992, Carmichael, 1990]. Figure 4.9 illustrates electad curves of an air conditioner
with inverter and a refrigerator without inverter.

800 Air conditioner ‘ 140 : Old type refrigerator
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Figure 4.9 Load Curves of an air conditioner with inverter [left] andald-type refrigerator [right].
Clearly, the load curve of the air conditioner is more compllean that of the refrigerator. The
operating behavior of the refrigerator is characterizedrégeated on/off operation, which is a
comparatively simple pattern, whereas the operating beha¥ the air conditioner depends on the
modulation of the inverter system and has a more complicaesztric load curve.

Here we present a first evaluation of machine learning teghes to classify the operat-
ing status of electric appliances (with and without inverter the purpose of constructing
a non-intrusive monitoring system. In this study, we comnep@BF networks/ -nearest
neighbor classifiers (KNNs) [e.g. Cover and Hart, 1967], V/(df. Section 1.3.2) and
v-Arc (cf. Section 4.3.2§°

4422 Experimental Setup and Results

For the sake of brevity we omit a detailed description of taeadneasurement system [see
Yoshimoto and Nakano, 1999, Onoda et al., 2000]. We useggiieaces: air conditioner,

14. An inverter system controls e.g. the rotation speed ofcdom(as in air-conditioners) by changing the

frequency of the electric current.
15. We have chosemArc, since the parameterwas easiest to control.
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fridge (both with inverter), old type fridge (cf. Figure 4,9candescent light, fluorescence
light and a television set. For 36 different on/off statesdhs appliances, the odd-order
harmonic currents up to the 13-th order and respective thegoangles have been measured
by a special purpose hardware device at a stable load polinmé@asurements and the
control of the individual appliances were done manuallyjovhmakes the process of
gathering data expensive and gives an explanation why trerso few data points. A
larger data set is currently collected and analyzed [Onadd. e2001b]. Also, we have
applied for a patent.

Since the data set is very small, one has to be very careftl fivitling good model
parameters. At the same time the learning machine needsrapbesentative enough, but
not overly complex. To get reliable results, also the expental setup and evaluation pro-
cedure have to be quite sophisticated [cf. Onoda et al.,[20@8 start with summarizing
which model parameters have to be chosen (the range tegjeeisin brackets):

. The RBF network optimizes a regularized mean-squared fmction. Model parameters

are the number of RBF center3, [ .., 10], the regularization parameter(~%...1] and
the number of iterations for optimizatiofl [. . 15].

. Forv-Arc we use RBF networks as base hypotheses. As model paeswet have to find

the regularization parameter[0 . .. 1], which controls the number of margin errors, and
the optimal numbet" of boosting iterations], . . ., 30].

. The SVM has the regularization paramef@f10~"...10°] (cf. Section 1.3.2). In our

experiments we use a RBF kernglz,y) = exp (_”m;_zyw) that has an additional
parameter [1073...103].

. To use theK -nearest neighbor algorithm, one needs to specify the nufiba, .. .] of

neighbors.

For each method we have to find up to three model parametarse $ihe number of
observations is quite small, it is difficult to get estimafesgood model parameters. We
useleave-one-outross-validation [e.g. Bishop, 1995], which is known to &ther reliable
[Luntz and Brailowsky, 1969], but computationally expesesi

We setup an experiment that uses random splits of the whtdesés First, we generate
20 realizations of training and test data. We split the 36mgas into 30 training and 6 test
examples. Then we do the model selection procedure on eagle slata set and compute
the test error for the selected model. Finally, we have 2bnases of the generalization
error (each on 6 test examples). These estimates are ade¢cagget a more reliable estimate
and a confidence interval was computed.

We observe from the Table 4.2 that the best average perfamiarachieved by-Arc
(significant according to 89% t-test) followed by the SVM. Clearly, the classical KNN
yields the worst classification rate-Arc improves the performance of the single RBF
networks considerably.

We believe that the slightly worse performance of SVMs coregdov-Arc is due to
the fixed kernel width. The RBF networks can detect multiisganformation in the data,
but optimize a suboptimal loss function (mean squared ereeArc can combine both
virtues — maximizing the margin and “looking” at differemtedes of the data.
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KNN RBE v-Arc SVM Table 42 Test set errors

AirCond. | 8012 | 37:20| 1.9t05| 25c0.7 | (incl. confidence intervals) in
Fridge 0.0£0.0 | 0.0:0.0| 00:00| 00t00| % l,tav,er]f[agterd,novﬁé tzot drat“d(f)”:
old Fridge | 35.7:1.4 | 26.9:2.5 | 19.002.2 | 24.761.3 | SPis INMO train and test data 1o
) K-Nearest Neighbor classifier
incand. L. | 21.0k2.1 | 24.4:4.2 | 11.5t1.1 | 12.8£0.9

(KNN), RBF network, v-Arc,
fluor. L. 35.8t1.5 16.4+3.6 12.9+1.1 10.2£0.9 and SVMS Wlth RBF-kernel The

v 3.3t0.5 | 2814 | 1305)| 0503 | model parameters are found by
Av.Perf. | 17.3t1.1 | 12.262.3 | 7.8:09 | 85:t0.6 | leave-one-out cross-validation on
each realization of the training data
separately.

4.4.2.3 Summarizing Remarks

Summarizing, we proposed a construction of a non-intrusi&e monitoring system based
on measuring harmonic waves, and evaluated the appligabfliRBF networks, KNN,
SVM andv-Arc. At this point our claims are (a) that our careful leawee-out strategy
already reveals the potential of the classifiers on the tiask ¢ontrolled statistical setting)
and (b) from the application point of view, the classifierqs@on is already reliable enough
to assess the system state of the electric appliances tiaypar of appliances with inverter
systems. This is a novelty as previous techniques have @dy Bble to assess the status
of non-inverter type appliances.

Our results suggest that the future vision of a control sydte balance load peaks — a
large progress from the the environmental point of view —hmhigot at all belong in the
realm of “science fiction” anymore.

4.5 Discussion and Summary

We discussed in detail that AdaBoost-type algorithms amd hwargin classifiers in gen-
eral are noise sensitive and prone to overfit. We introdusgdregularization strategies
for AdaBoost to alleviate the overfitting problem: first aetit incorporation of the regu-
larization term into AdaBoost’s loss function leading toa®boskeg and second by in-
troducing slack variables to relax the hard margin constiaading to the/-LP problem.
The essence of our proposed algorithms is to achieve a soffimia contrast to the hard
margin classification used before. The soft-margin apgr@dows to control how much
we “trust” in each single example and we are permitted to ignmisy examples (e.g.
outliers), which would otherwise have spoiled our clasatfin.

This generalization of boosting algorithm is very much ie #pirit of Support Vector
Machines that also tradeoff the maximization of the margiad ghe minimization of
an upper bound of the classification errors by introducirglsivariables. Whereas soft
margins are used since 1995 for SVMs, in boosting they argg@iotommonly used. We
found theoretical and practical clear reasons why one shase them. The development
of regularized boosting methods was therefore mandatory.
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To show the convergence of one of our algorithms, we extettteednalysis of Leverag-
ing algorithms as fof;-norm regularized cost functions. As an important auxyliggsult
we could show that any leveraging algorithm can be regugdrizvhile keeping the good
convergence properties shown in Chapter 3. The proposei@balgorithm illustrates that
these results are directly applicable to design new algmst that are eventually much
more noise robust.

In our experimental evaluation on noisy data, the proposgdilarized versions of
AdaBoost show a significantly improved performance comg&n@riginal AdaBoost (and
the base learner). Furthermore, they exhibit a better dvgemeralization performance
than all other algorithms and are very competitive with SV illustrate the usefulness
of our approach we reported results on a real world problemr. @sults show that
boosting-type algorithms belong to the small set of stditthe-art methods in machine
learning, if one properly regularizes the ensembles.

One problem, however, common for all ensemble learningrdlguos is the relatively
high computational complexity. In our experiments we oftesed hundreds of base hy-
potheses, which we combine. To make these algorithms pahcti fast base learning al-
gorithm appropriate for the particular domain has to belate. This is two-fold. First,
one may have a specialized algorithm for the problem at hawl] lsence, can use do-
main specific knowledge to improve the performance of thebearner and also of the
ensemble algorithm. Second, if such algorithm is not altélaone may use some stan-
dard techniques like neural networks that usually perforafi.\However, then ensemble
learning can become rather expensive.

In this chapter we considered classification problems dnlhe next chapter we extend
our view to regression problems and show how most of the deeel techniques can be
transferred to leveraging algorithms for regression.
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Motivated by the success of boosting methods in the classiit setting, it has been
attempted by several researchers to transfer the boostthgigues to regression [e.g. Fre-
und and Schapire, 1994, Fisher, 1997, Bertoni et al., 198&dman, 1999, Ridgeway
et al., 1999, Duffy and Helmbold, 2000a, Ratsch et al., 20@hawe-Taylor and Karak-
oulas, 2000, Zemel and Pitassi, 2001]. However, it has baemdfthat this transformation
is rather difficult and for long no convincing boosting-likégorithm has been found for
regression that is both theoretically motivated and work# im practice.

The regression problem is indeed more difficult also fromeadigtical point of view
[cf. Vapnik, 1995]. For instance (1), in classification ondyoneeds predict correctly near
the class boundary, whereas in regression one needs teipwnedi on the whole domain.
Furthermore (2), if one assumes that there is a reasonabter@argin between the classes,
then theexactestimation of the classication boundary is often not nesangswhereas in
regression one has often to find a function that fits all thieitng examples almost exactly
(depending on the problem). And finally (3), the chance torfilvthe training data in
regression (e.g. if just a few examples are availabe) is biifgher than in classification.
The last two issues concern the empirical accuracy of theattd function and the control
of capacity of the function space. These problems make thesfer of a classification
technique to a useful regression algorithm complicatedpamtially explain why boosting
techniques for regression are not yet as successful asabsfatation pendant.

Most of the proposed boosting-like regression algorithangetthe problem of finding a
function that fits the training data well enough — in partasuhe propositions in Freund
and Schapire [1994], Bertoni et al. [1997], Shawe-Taylat &arakoulas [2000], Zemel
and Pitassi [2001]. Some of these approaches [see also &udfiHelmbold, 2000a] try to
minimize the maximal loss as opposed to some sum of lossasoi®ydata, such approach
often fails as a single example can spoil the estimate (studision in Section 4.1). Other
approaches can fit the training data well, however, oftere hoblems controlling the
trade-off between empirical error and capacity of the fiorctlass. This particularly holds
for the LS-Boost algorithm [Friedman, 1999] described irct®m 3.1, but also for the
approaches described in Ridgeway et al. [1999]. For a matalele review of existing
methods see e.g. Ratsch et al. [2002].

In this chapter we will propose two algorithms that do nofeufrom these problems.
We show that they are able to fit the training data well. Furtieee, they use a well defined
regularization strategy that makes the algorithms fastio and the further analysis of the
generalization performance easier.
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One major difficulty is rigorously defining the regressionlpiem for infinite hypothesis
sets. For classification assuming each hypothesis has a digiitof possible outputs, the
hypothesis set is always finite since there are only a finitabmr of ways to label any
finite training set. For regression, even relatively simipése hypotheses, such as linear
functions constructed using weighted least squares, sioofsan uncountable infinite set
of hypotheses. Itis n@t priori clear how to even express a regression problem in an infinite
hypothesis set from an optimization point of view. Clearly @an only practically consider
ensemble functions that are a linear combination of somé soizset of the set of possible
hypotheses.

In this chapter, we study directly the issue of infinite hyyesis sets. In Section 5.1, we
review a mathematical programming (MP) approach to spagession and show how it
can be applied to build regression ensembles from finite thgsis sets. In Section 5.3 we
investigate the dual of this optimization problem for enbéarregression and propose a
semi-infinite linear program formulation for “boosting” offinite hypothesis sets: first in
the dual and then in the primal space. The dual problem ied¢akmi-infinite because it
has an infinite number of constraints and a finite number oéladgrs. An important sparse-
ness property of the semi-infinite regression problem isithes a solution consisting of
a small number of hypotheses. In Section 5.4, we propose tffereht algorithms for
efficiently computing ensembles for regression. The exapiémentation of these algo-
rithms is dependent on the choice of base learning algosithmBection 5.4 we investigate
three possible base learning algorithms that result in indithite and finite hypothesis sets.
Simulation results are presented in Section 5.5.

5.1 Optimization Problems and Loss Functions for Regressio

In this section we consider mathematical programming fdatmns for regression. We
start with briefly reviewing the standard regression sgtéind then discuss regression with
ensembles, which leads us — as in classification — to a lireggession problem in the
feature spac&, which can be solved by solving a convex optimization probl&inally
we discuss some loss function and state some desirablerpesgder thez-insensitive loss,
which will be mainly used in the subsequent sections.

5.1.1 Problem definition and Preliminaries

Consider estimating a function based on i.i.d. examples

(T1,y1),---,(eNn,yn) € XX R (5.1)

The goal of the learning process is to find a functjowith a small expected risk (or test
error)

RIf) = / 8. f(@)) dp(z. 1), (5.2)
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wherep is the probability measure, which is assumed to be resplenfgibthe generation
of the observations (5.1), apds a loss function like(y, f(x)) = (y — f(z))? depending
on the specific regression estimation problem at hand. Toblgm, however, is like in
classification that we cannot minimize (5.2) directly, giwee do not knowp. Instead, the
sample (5.1) is given and one tries to obtain a small risk hyimmizing the empirical risk
functional over a given set of functiofs
The regression problem is often stated as finding a functioge F = {f : X — R}

that minimizes the regularized risk functional

N
R[f]:=CP[f]+ > g(yn. f(xx)), with f*=argminR[f], (5.3)

n=1 feF

whereP]:] is a regularization operator, ard the regularization parameter, determining
the trade-off between loss and complexity. Under rathed eainditions, it has been shown
thatC implicitly determines the size of the function class: miiding the regularized risk
functional over the complete function class is equivalen¢pirical risk minimization
over a restricted class’ = {f | f € F,P[f] < C'} for someC’, which depends ot
[Smola, 1998]. The regularization therefore defines a westieicture of function classes,
which is required for the analysis in the frameworkstfuctural risk minimizatiorcf.
Section 1.2.3 and e.g. Vapnik, 1995].

For simplicity, we assume for the rest of this chapter thattfss function is of the form
g(y, f(x)) = g(y—f(x)). Moreover, the loss is computed for each example indepelyden
i.e. the loss of théV-sample is the sum of the losses of the examples. This asmumipt
natural, if the data is generated i.i.d. from some probgbdistribution. However, most
derivations can be generalized to other cases.

The loss and the regularizer are assumed to be non-negativeanvex. The latter
assumption is indeed rather restrictive. There might esthier and better suited loss
functions and regularizers that are not convex. Howevedirim the global minimizer
of a general non-convex loss function is NP-hard [e.g. Rasdand Vavasis, 1992].
Nevertheless, there exist several quite successful appesaike Neural Networks that
often find agood local minimizerWhereas the convexity assumption is not absolutely
necessary for use in practice, the theoretical and empiaicalysis of algorithms that
solve convex optimization problems is much easier. Moreawete that it is possible to
find reasonable proxies for most real world loss functiong.[&/ahba, 1999].

Throughout this chapter we always assume that the lahetsd the outputé(z,,) of
the base hypothesésc H are finite. The base hypothesis spékis assumed to be closed
under complementatioth(¢ H = — h € H). Moreover, it is reasonable to assume that
the loss function and the regularization operator are shiah(b.3) has a finite solution. In
this and the next section we assume that the base hypotkésisentains only a finite
number of hypotheses. This will be generalized to infinitpdthesis sets in Section 5.3.
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5.1.2 Linear Regression in Feature Spaces

Just as in the classification case, in regression one isrgokir a linear combination
of hypothesis from some base hypothesis set. However, herdownot threshold the
combined hypothesis & but are interested in its actual value. It is often advaetag
to include a bia$ in the regression function, as otherwise simple offsettirglabels can
change the solution drastically. Hence, we define our foncpacé- as the space of linear
combinations obase hypothesed H including a bias, i.e.

+
.ML‘
o}

F.= féz7b fd(a:):b jh]‘(m), bE]R,OdeE]R,j:L...,J . (5.4

For simplicity, we restrict the hypothesis coefficients & ion-negative. But since we
assumed the base hypothesis set to be closed under compdgimerthis constraint does
not matter.

In classification we have seen that one finds a hyperplafeaiure spac& spanned
by the hypotheses of the base hypothesis set (cf. Sectidd) 113 regression, though, one
finds a hyperplane that describes the data welll K= 0 andg(y, f(z)) = (y — f(z))?,
then the minimizer of the empirical risk is just the ordinéggst squares solution — just in
a high dimensional feature space.

Let us consider a formulation of the regularized risk mirgation (cf. (5.3)) as a
mathematical programming problem. We first define the maitix; = h;(x,) and can
write the optimization problem as:

N
min  CPlfa]+ T g(6n)

&b,
with y, — Hé& —b = &,
@R, beREERY,

(5.5)

S
Il

1,...,N

Here we introduced the variabl€s, which are theesidualfor then-th training example.
In fact, the formulation using the residuals and the linearstraints explicitly makes the
subsequent analysis easier.

5.1.3 Loss Functions

In order to construct algorithms from the optimization peshs analyzed so far, one needs
to specify a loss function. In this section we will presentngocommon choices for loss
functions. One of them is in particular well-suited for owrposes, which additionally has
desirable theoretical properties.

5.1.3.1 TheMaximum Likelihood Approach
We start with a connection between the probability densigsponsible for generating the

data and the asymptotically best loss functgoiit is found by maximizing the likelihood
of the sample (5.1):
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Remark 5.1 (Smola [1998]).Under the assumption that the examples (5.1) were gener-
ated by an underlying functional dependerfgy plus additive noise, i.&., = firue(zn) +

&n, with densityp(€), the asymptotically optimal loss function in a maximumliieod
sense is

gy, f(x)) = —logp(y — f(x)). (5.6)

The loss function obtained from this approach is not necigsanvex. However, since
we would like to design efficient algorithms, we have to riestwurselves to convex loss
functions. Therefore, in practice one has to find a good coaperoximation for the actual
loss.

Of course, another problem is that the type of noise is oftgrknown. Therefore one
should use a loss function that is likely to approximate the toss function well and, even
more important, which does not change the estimated fumdtiastically, if it is wrongly
specified [cf. Huber, 1981, Amari and Kawanabe, 1997].

Moreover, the loss function obtained from (5.6) does notssearily have to coincide
with the empirical loss which is minimized in our algorithma particular in the small
sample casepbust loss functionsave to be considered, as the empirical risk may deviate
strongly from the actual risk. It has been shown that if thepslof the loss function is
bounded, then the empirical risk minimizer is robust (cf.nidu[1981]). Otherwise, as
e.g. for the squared loss and the maximum loss functiontivelg small distortions of
the labels may result in large deviations of the estimatedtion. Seen in the context of
algorithmic stability [Bousquet and Elisseeff, 2001bkthiproperty that has to be avoided.

5.1.3.2 Common Loss Functions

Let us consider some particular choices for the loss funcsquared loss, Huber’s loss,
a strictly convex approximation of Huber's loss and #hénsensitive loss. These loss
functions are illustrated in Figure 5.1.

The most frequently used loss function is the square loss

By — f(@) = 30— f(@)". (57)
According to Remark 5.1, the squared loss corresponds t@shemption of Gaussian
noise on the labels. In the small sample case, however, therexd) loss is not always the
best choice, as the assumption of Gaussianity is often ffdiefd exactly (e.g. for “long
tails”). Roughly speaking, this is due to the fact that onfgw examples with great loss,
i.e.p(y — f(x)) very small (cf. Remark 5.1), can spoil the estimate. Forétuases robust
loss functions are more appropriate.

The first robust loss function we consider is Huber’s robass[Huber, 1981]:

L g2 if o
gu(§) = { 20 it 1e] < (5.8)

| — ¢ otherwise

By continuing the quadratic loss with the linear loss, it dmes robust against outliers.
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Huber’s loss is closely approximated by

g.(§) == plog (cosh (é)) : (5.9)

for p = #g(z) (cf. Figure 5.1). This loss is strictly convex and twice doobusly
differentiable, which is useful for algorithms that reqigmoothness of the first derivatives
(cf. Chapter 3).

Finally let us consider the-insensitive loss [Vapnik, 1995, Scholkopf et al., 1999a]

g:(y — f(x)) == |y — f(2)]: = max(0, |y - f(z)| —¢) (5.10)

This does not penalize errors below some 0, chosera priori. For thes-insensitive loss
and/;-norm regularization (cf. Section 5.2), the optimizatiaolgem (5.5) reduces to a
particularly simple form, which can be expressed by a lirgagram. Such optimization
problems can indeed be solved very efficiently, which in twiti be exploited in our
algorithms.

5.1.3.3 Propertiesof the e-insensitive Loss

The e-insensitive loss has been shown to have nice propertietheirobustness of the
fit, (i) the applicability of thev-trick as in classification and (iii) sparseness of the dual
variables.

Let us first rewrite (5.5) for the-insensitive loss:

N
. 1 .
Join - CPlfal+ 5 ;(fn +&1)

with vy, — fa(z,) <e+& n=1,....N (5.11)

fa(@n) —yn<e+& n=1,...,N
aeR], & eRY DER,

where f4 ; is defined as in (5.4) and we have split-up the equality caitgs into two
inequality constraints. At optimality, the variablgsare positive, if the function is under-
estimated by more thanand otherwise zero, wheregSare positive if it is overestimated
by more thark.

We start with the robustness of the solution with respecitalschanges of the training
data:

Proposition 5.1 (Smola et al. [1999]).Using (5.11), local movements of target values
yn Of points inside and outside (i.e. not on the edge of)cttebe do not influence the
regression.

For completeness we give a proof along the lines of Smola g299] in Appendix A.4.1
on page 146.

Note that this proposition holds for any admissible regaktion operator. For classifi-
cation we have shown that one can also distort the exampléiitdeature space (not only
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@)
(ii)

. Figure 5.1  Four different loss function:
25f R squared loss (dotted), Huber's loss for
o = 1 (solid), an approximation of Hu-
ber's loss forp = 1/(2log2) (dash-
dotted), and the-insensitive loss for =
1/2 (dashed). Near zero Huber's robust
loss and its approximation are almost
identical, whereas there are small devia-
tions on the rang€0, o). In the limit, the
robust loss functions have the same lin-
ear behavior. This property makes them
robust against distortions in the labels.

-2 -1

residual

the label). However, this kind of robustness depends ondbelarization operator. If one
uses the/;-norm (cf. Section 5.2), then one can prove a similar resufbaclassification.
The parametet is usually difficult to control [Muller et al., 1999, Schalpf et al.,
2000], as one does not know beforehand how accurately onblésta fit the curve.
Furthermore, the optimad depends on the parametér[cf. Muller et al., 1999]. This
problem is partially solved in the following optimizationgblemt! for v € [%, 1]:
N

1
i CPfal + = nt &)+
o i [fa] N;(f &) + ve
with g — fa(x,) <e+é& n=1,....N (5.12)
fa(Tn) — yn <e+¢& n=1,...,N

aeR] ,ceRy £ eRY, beR

The difference between (5.11) and (5.12) lies in the fact thlaas become a positively
constrained variable of the optimization problem itselfieTcore aspect of (5.12) can be
captured in the proposition stated below.

Proposition 5.2 (Smola et al. [1999]).Consider the solutions of (5.12). Assume- 0.
Then holds:
v is an upper bound on the fraction of errors (i.e. points cdesihes tube).

v is a lower bound on the fraction of points not inside (i.e.Sidg or on the edge of) the
tube.

(iii) Suppose the base hypothesis skts finite and the examples were drawn i.i.d. from a

distribution P(x,y) = P(x)P(y|x) with P(y|x) continuous. With probability 1, asymp-
totically, v equals both the fraction of points not inside the tube andrtetion of errors.

A proof following Smola et al. [1999] and Scholkopf et al.0f0] can be found in
Appendix A.4.2 on page 147. Note that the third statementatsmbe proven for infinite
hypothesis sets, if they have well-behaved covering-nugbe> 0 and the regularization
operator is &,-norm withp € (0, 2] [cf. Barnes, 1999, Williamson et al., 1999, 1998].

1. We have worked out a similar formulation for SVMs in Smdiale [1999] and Scholkopf et al. [2000].
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The optimization problem (5.12) has two parameters: (i) rétularization parameter
C', which controls the size of the function space and therefloee“complexity” of the
regression estimate, and (ii) thebe-parameter, which controls the fraction of examples
outside thes-tube and indirectly controls the size of théube. The parameteris usually
easier to adjust in practice. Also, in [Smola et al., 199%p®sition 3] the asymptotical
optimal choice fory has been derived for a certain classes of noise models [see al
Scholkopf et al., 2000, Smola et al., 1998a, Smola, 1998].

In classification we only had the parametewhich controls the size of the margin area
(cf. Section 4.3), since the thresholded function is irsatriunder scaling. In regression
however, one is interested in the outputs of the functiorts @eo needs to control the
“length” of &. Therefore, one needs the paraméter

When analyzing (5.12) one finds that all examples in ¢htetbe could be removed
from the training set without changing the solution. Thisaisinique property of linear
losses? There are at least two ways to exploit this fact and to prowa the regression
estimate generalizes well, i.e. has small expected ris&.fifét is based on the leave-one-
out error. It is known that the leave-one-out error is an alimmbiased estimator of the
generalization error [cf. Luntz and Brailowsky, 1969]. &none can remove roughiyV
examples from the training set, one can compute an uppeicbmuthe leave-one-out error
(assuming the loss is bounded). The second argument is baseaimpression schemes
[Littlestone and Warmuth, 1986] originally proposed foassification. One can derive an
upper bound (cf. Appendix B.5 for a sketch of proof) on theestpd riskonly depending
on the fraction of examples inside the tube. It does not deéjpernthe size or structure of
the base hypothesis space. However, this generality has dawbacks: The bound starts
giving non-trivial results for smaller than abouit5%, whereas for classification a similar
bound starts at already abdii% [Floyd and Warmuth, 1995]. This gives an additional
hint that regression estimation is indeed more difficulinticéassification. However, the
above-mentioned bounds are very loose and it is hard to doawslasions from them.

5.2 Sparseness induced by Regularization

We will now discuss two main classes of regularizers thaeledrastic influence on the
properties of the solution of (5.5). Some of the results majteady be well-known, how-
ever, we have found no explicit treatment of the sparsemekecied by the regularization
for both cases in the literature.

Let us consider regularization operators of the form

J
Pfas] = Y Pj(d;) (5.13)
j=1

whereP; : R, — R, are differentiable and monotonically increasing funcsbwith
P;(0) = 0forallj = 1,...,J. The analysis can be generalized to other lower bounded
regularization operators.

2. Itis unique among convex loss functions. See results atic®e5.2 and apply them for the dual problem.
3. Monotonicity makes sense for regularization operatordeffine nested subsets. Differentiability is generally
not necessary, but makes the analysis much easier.
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We say a hypothesis coefficient is sparse, if it contains 6X{li¥ ) non-zero elements.
Its not sparse if it is e.g0(J), since the feature space is assumed to be much higher
dimensional thanV. We show: (i) if the regularization functions are strictlprvex,
then the solution to (5.5) is generally not sparse (unded mdsumptions) and (ii) if the
functionsP; are concave there exists an optimal hypothesis coefficantova that has at
mostN non-zero entries. The main result of this section is thattheorm regularization,
which is exactly on the border between both cases, is péatigwell-suited for ensemble
learning.

5.2.1 Strictly Convex vs. Concave Regularization

In neural networks, SVMs, matching pursuit [e.g. Mallat &iéng, 1993] and many other
algorithms, one uses thig-norm as regularization operator. The next propositionasho
that if the regularization operator is strictly convex, tbaution of (5.5) with (5.13) is
likely to be not sparse:

Proposition 5.3 (Non-sparseness of strict convex regulamtion). Let H =
{h1,...,hs} be a finite hypothesis sef, a training sample of sizeV and P;(-) be
strictly convex regularization functions as describedahd-urthermore assumg0) = 0,
g(z) > 0andC € (0,0). If & # 0, then the solutiorx” of (5.5) has at most a fraction
of {/po zero entries, wherg, is the probability that/ randomly chosen columns &f with

replacement do not have rak.

The proof can be found in Appendix A.4.3 on page page 148.

First note, that the result is independent of the (propes3 limnction and the regular-
ization constantC > 0. Our bound only depends gr, determined by the training data
and the hypothesis set. The probabifitycan be interpreted as a measure how volatile the
solution with respect to changes of the hypothesis set isnBo-volatilematricesH, pq
converges very fast to zero when increasihg his is for instance the case, if vectds ;

(j = 1,...,J), interpreted as points in aN dimensional space are general position
i.e. if any NV points span the fullV dimensional space (for instance random points). For

the caseJ > N, one can sho@vthatpo ~ (%) . Thus, there is about a fraction of

J_LN coefficients that are zero. Hence, for latféhere are most coefficients non-zero and
the solution is not sparse.

Concave regularization operators have been used to gergadicularly sparse solu-
tions [cf. Bradley et al., 1998, Bradley and Mangasaria®8l9~or completeness we show
the following:

Proposition 5.4 (Sparseness of concave regularization).etH, S andg as in Proposi-

tion 5.3,C € [0,00) andP; be concave functions as described above. Then there exists
a solutiona™ of (5.5) that has at mos¥ non-zero entries. Moreover, if all regularization
functions are strictly concave, then any solution has attmbson-zero entries.

The proof can be found in Appendix A.4.4 on page page 149.

4. Many thanks to Wolfgang Thumser, Fred Galvin and Ortwiis|@&a for help with this question.
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We can conclude that the shape of the regularizer determvhegher there exists an
optimal hypothesis coefficient vector that is sparse or Hawever, (strictly) concave
minimization is considered to be a hard problem (but see Bisdley and Mangasarian
[1998]). In practice one is only able to solgenvexoptimization problems exactly. Fortu-
nately there is one function thatéencave and convexthe linear function. By employing
linear regularization (also called-norm regularization), one can obtain sparse solutions.

5.2.2 Convex Sparseness Regularization

The /;-norm regularization is in fact frequently used in spardayoring approaches,
e.g. basis pursuit [Chen et al., 1995], parsimonious leaginrapproximation [Bradley
et al., 1998] and many other techniques [e.g. Tibshirar®41Bennett, 1999]. Roughly
speaking, a reason for the induced sparseness is the faeettiars far from the coordinate
axes are “larger” with respect to tie-norm than with respect to-norms withp > 1. For
example, consider the vectofs, 0) and(1/v/2,1/+/2). For the two norm/|(1,0)|» =
1(1/+/2,1/3/2)]]2 = 1, but for the;-norm,1 = [|(1,0)|l; < [|(1/v/2,1/V/2)]]2 = V2.
For strictly concave regularizers this effect is even sgem
ForP[fs] = ||&|lx (using& > 0), the minimization of (5.3) can be done by solving
J N

min  C > &j + > g(n)

&,b.€ j=1 n=1
with y, —H&—-b =¢&, n=1...,N

acRl,£eRY beR

(5.14)

The solution of (5.14) is always a vertex solution (or can ¥gressed as such) and tends
to be very sparse. In the analysis above it is only shown tmatnumber of non-zero
coefficients is smaller thaN'. In the following discussion we give some more reasons why
the solution is sparse and how sparse it is.

Let us analyze the the first order optimality conditions #®r Substitutingé, =
Yn — fap(xn) in (5.14), one arrives at the Lagrangidrié,b,vy) = CZLl aj +
ZnN:1 g (yn — H& — b) — v"é&, where they’s are the Lagrange multipliers for the con-
straintsa > 0 with v € ]R;’r . At optimal &, we have

oL

0é;
From the KKT conditionsy;v; = 0 we get:
Lemmab5.1.if (hj,g'(€)) < C, thena; = 0.

N
=0 =) hj@n)g (ya—Ha —b) =y =0. (5.15)
n=1

Roughly speaking, if the outputs of a hypothesis on the itngiset are not enough
correlated with the'(-)-transformed residue vectdr, then its weight is zero. For some
fixed® ¢, increasing” would lead to a sparser vectar ForC' = oo, all elements ofx are
zero and folC' — 0, potentially any element could be non-zero (cf. Proposi§ic).

5. For simplicity we have absorbe)bl into the loss function.
6. Note that¢t usually changes, i is changed. This construction is done for illustration only
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Also, we observe that the objective of the dual optimizapooblem (cf. Section 5.3.1
and Appendix A.4.6) includes termg (g’ (&,,)) that are minimized, wherg, is a convex
function (the conjugate af, cf. Section 5.3.1) wittg, (0) = 0. Hence, at optimality the
g'(&,)'s are likely to be small and therefore there are just a fewcfioms; satisfying
(hj,g'(€)) > C, which may then have non-zero coefficients.

5.2.3 Boosting vs. SVMs again

Let us come back to discuss another relation of SVMs and baptke algorithms (see
also Section 1.3.4). It is a common folklore statement argldigeady been pointed out
e.g. in Schapire et al. [1998], Freund and Schapire [199%] hoosting and SVMs are
“essentially the same” except for the way they measure thigimar the way they optimize
their weight vector: SVMs use thig-norm and boosting employs @p-norm. One might
think that this solely influences the imposed regularizatio

For SVMs and kernel methods in general it was shown that thiemaphyperplane with
normal vectorw* can always be expressed as a linear combination of the eranpl
feature spac&s implied by the mappin@:

Theorem 5.2 (Representer Theorem, Wahba [1990], Sotkopf et al. [2000]). Letg be
an arbitrary loss function and be a strictly monotonically increasing function {in oc).

N
nin Y 8(Un, (w, ®(20))) + r([lwl]2) (5.16)
* =1
Then for anyN examplegx1,y1), ..., (zn,yn) and any mappin@, any solutionw* of

(5.16)can be expressed hy* = ZnN:1 G, ®(x,) forsomei, e R, n=1,...,N.

In that way SVMs can be very efficient in dealing with possibifinite dimensional
feature spaces. However, SVMs need to use/thaorm to implicitly compute scalar
products in feature space with the help of the kernel triak dther norm can be expressed
in terms of scalar products.

Boosting, in contrast, performs the computation expligite feature space. This is well-
known to be prohibitive if the solutiomw is not sparse, as the feature space might be very
high or even infinite dimensional, depending on the size efithse hypothesis sdt We
have the following result:

Theorem 5.3. Let g be an arbitrary loss function anédl be a monotonically increasing
function on[0, oo).
N

nf D gl ful@n)) + r(lwlh), (5.17)
w n=1

whereF is the set of functions that are linear combinations of adimtimber of functions
of H. Then for anyN examplegx:, 1), ..., (N, yn) and any compact hypothesis $&t
thereexista solutionf* of (5.17)that can be expressed by

N

fH(x) = anl Gnhn(z).
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The above theorem is a direct consequence of Propositioriob.the finite case and
an implication of the later presented Theorem 5.5. The amfdit possibly non-linear
transformation of the regularization term does not masirce it can be reduced to the
case of multiplying with a properly chosen constéant.

Thus, the sparseness property turns out to be very usefehfggmble learning, as one
only needs to combine few hypotheses to reach an optimaisol®therwise, one would
need to consider too many hypotheses fidrito compute the prediction of an optimally
combined hypothesis. In particularHfis huge or even infinite, this would be impossible.
Note that there is one important difference between ThesrBr@ and 5.3: for kernel
methods we have that any solution can be expressed as aismatldombination, whereas
in boosting one has that there exists a sparse solutiore Hetjularizer is strictly concave,
then any solution would be sparse, but the optimization lpralwould be hard to solve.

Hence, both algorithms work in very high-dimensional featspaces, but they differ,
however, in how they deal with the algorithmic problems ttég can cause. They lead to
sparse solutions, either in sample (coefficient) space (§ybr in feature space (boost-
ing), and both methods are adapted to algorithmically ekphe form of sparsity they
produce.

The sparseness property opens the door to develop effiasenle algorithms for
solving the regression problem [cf. Section 5.4 and Raetcal., 2002]. Hence, for the
rest of this chapter we consider tiig-norm regularization operator only and exploit its
properties

Infinite Hypothesis Sets and Semi-Infinite Programming

In this section we consider infinite hypothesis sets. We gfi#in the dual problem of (5.14),

which has a finite number of constraints. Then we extend caw o infinite hypothesis

sets leading to an infinite number of constraints. For thiseoae state results showing
that they can be reduced to a small finite number of activetcainss. Finally we state the

primal regression problem.

5.3.1 Dual formulation

Letg(:) : R — Ry be a convexloss function witg(0) = 0, g(z) > 0 for z € R. Thenthe
dual optimization problem of (5.14) for finite is:

N
max V=37, g.(dn)

with SN hj(@,)d, <C for j=1,....J (5.18)
SN dn =0.

7. This constant is given by the derivative 10ft the solution; see Smola [1998], Scholkopf et al. [20@0]&
more detailed discussion of this issue.
8. Note that we have already used thenorm regularization also for the large margin classifmatalgorithms.
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The derivation for differentiable loss functions can berfdun Appendix A.4.6. In (5.18),
there is one equality constraint afid= |H| inequality constraints, one for each hypothesis
h € H. The functiong, is the conjugate function of. If g is differentiable this is the
Legendre-conjugate function [e.g. Rockafellar, 1970 egi266]:

g.(2) = 2(g") 7' (2) — 8((g") 7 (2)). (5.19)

The conjugate functiorg, of an arbitrary convex functiory can be defined as [e.g.
Rockafellar, 1970, Corollary 12.2.2]

g.(y)= sup (z,y) — g(x). (5.20)
z€ri(domg)

At optimality, the quantityl,, defines an error residual: by differentiating the Lagrangia
of (5.18) (cf. (A.20)) with respect tel, one getsg! (d,) = yn — fap(xn). Thus, if
the point is underestimateds (z,) < y., thengl.(d,) > 0. Likewise, if the point
is overestimatedfs (z,) > yn, theng (d,) < 0.2 The magnitude ofi,, reflects the
sensitivity of the objective. The larger the change in ertloe largerd,,. The quantity in
the constraint$ ", h;(x,,)d, reflects how well the hypothesls; addressed the residual
errors. If)" h;(x,)d, is positive and large in size then the hypothesis will beljike
improve the ensemble (cf. Lemma 5.1).

Furthermore, its easy to show that the Lagrange multipheeshounded:

Lemma5.2. Letg : R — R, be aconvex and differentiable function withm g = R. For
any solutiond of (5.18) holdg|d||~ < max(|g' (||Y||1)], &' (=Y ]1)]) =: dmax < 0.

The proof can be found in Appendix A.4.7 on page 151. By Lemn2adhie could in
principle introduce additional constrainfg,| < dnax t0 (5.18) without changing the
solution.

In the finite case it is straightforward to show the stronglityta

Lemma 5.3. Let g be a convex (loss) function with < g(z) < oc for z < oo. If
Y| < 00, then there exist optimal solutions to (5.14) and (5.18}hghat the objective
values are the same, i.e. there is no duality gap (strongitjuiablds).

The proof can be found in Appendix A.4.8 on page 152. Its gairation to the infinite
case is more difficult and is considered in the next sections.

5.3.2 The Dual Problem for Infinite Hypothesis Sets

Consider now the case where there is an infinite set of pesbijgbothesesl. Say we
select any finite subsét; of H, then the primal and dual regression MPstbnare well
defined. Now say we increase the subset size and defin® H; of H. What is the
relationship between the optimal ensembles created omisubsets? A solution of the
smallerH, -problem is always primal feasible for the largés-MP. If the H,-solution is

9. If g(z) > 0 for z # 0, this simplifies tad,, > 0 andd,, < 0, respectively.
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dual feasible for the largetl,-MP, then the solution is also optimal for tii-problem.
So dual feasibility is the key issue. Let us define the maxooaktraint violation for some
fixedd:

N
hq := argmax h(x,)d,, 5.21
a = argm Z:j () (5.21)

where it is sufficient to assume that the set

h(z1)
h(zx)

is compact® Otherwise the maximum in (5.21) might not exist. Eq. (5.2lindeed very
similar to thed-optimality condition withd = 1 for base learners as used in classification.
However, here we use it for a different purpose — to extendltreg problem to the infinite
case.

If 22’21 ha(z,)d, > C, then dual feasibility is violated;q is a good hypothesis that
should be added to the ensemble, and the solution may nottineadfcf. Lemma 5.1).

By thinking of b, as a function ofl as in (5.21), we can extend the dual problem (5.18)
to the infinite hypotheses case. The set of dual feasibleegaddid is equivalent to the
following compact polyhedron:

:p:{p

wheredpax IS given in Lemma 5.2. Thdual semi-infinite-regression proble8IP) is

he H} (5.22)

N
> =0, pngdmax,nzl,...,N}, (5.23)

n=1

N N
QDp) =max Y yndn — Y g.(dn)
n=1 n=1
with SN hy(z,)d, <C, VYpe?P (5.24)

St dn =0
—dmax < dp < dmax, n=1,..., N,

which is an example out of a class of problems that has be@amsixely studied in the
mathematical programming literature. The problem is caiemi-infinite because it has
an infinite number of constraints and a finite number of vdeisbThe sefP is known as
the index set. If the set of hypotheses (producible by the teerner) is finite, then the
problem is exactly equivalent to regression problem (5.18)

Remark 5.4. LetHx = {h, | p € P}. Note thatHx C H, but by (5.21) it is obvious that
(5.24) with all constraints produced Bye H (instead ofH x) yields the same solution.

We will establish several facts about this semi-infinite ggeonming problem using
the results for general semi-infinite programs summarizethé excellent review paper
[Hettich and Kortanek, 1993]. To simplify the presentatiae straightforwardly extended

10. For simplicity, we say that is compact ifH(X) is compact.
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the results in Hettich and Kortanek [1993] to the case of StR &n additional set of finite
linear constraints. The results presented can be easilyedefrom Hettich and Kortanek
[1993]through a change in notation and by increasing thexiset to include the additional
finite set of traditional linear constraints. To be congisteith our derivation of the SIP-
regression problem, we will refer to the problem with infeljt many constraints as the
dual problem and the problem with infinitely many variablegtee primal problem.
We define theyeneric dual SIPD as
Q(Dg) = max — G.(2) (5.25)
zZERN
with (u(p), 2) < v(p) Vp € Pg

Rz <gq,

whereG, (-) is a convex function fronR™ to R, Q € R"™*V, q € R", P is a compact
subset ofRY, u(+) is a function from®P¢ to RV, andv(-) is a function from?®, to
R. We will make the additional assumption that the problemhigags feasible and that
the feasible region is compact. Then the maximum value isydvobtained since we are
maximizing a continuous function over a compact set.

Ideally, we would like the solution of a finite problem to cespond to the optimal solu-
tion of the semi-infinite problem. We now define a sufficienmdition for the existence of a
finite mathematical program whose optimal solution alsee®the semi-infinite program.
We will denote the generic dual SIP restricted to afinite st#s; = {p,,...,pn} C Pa
as D (Pn) and its objective at optimality b@2(D¢(Pw)). This is a standard mathe-
matical program since it has a finite number of constraints.

The first theorem gives sufficient conditions for the optirsalution of a generic dual
SIP to be equivalent to the solution of a finite program (Ban§&983b], Theorem 2.1(c);
Hettich and Kortanek [1993], Theorem 4.2):

Theorem 5.5 (Sufficient condition for finite solution, Hettich and Kortanek [1993]).
Assume the following Slater condition holds: For every $é{g-1 pointsp,, Dy, ..., D
there existg such thafu(p,,), 2) < v(p,),n =0,..., N,and@Qz < q. Thenthere exists

Py ={py.....,pn} C Pq such that

1. Q(D¢g) = UDa(PN));
2. There exist multiplierg,, > 0,n = 1,..., N, such that

N
Q(Dg) = sup {—G*(z) =Y ma(u(p,) = v(p,))

z€RN

Qz < q} . (5.26)
The proof uses a Helly-type theorem [cf. Borwein, 1983a]sTasult immediately applies
to dual SIP regression:

Corollary 5.1 (Finite solution of regression ensemble, Rtsch et al. [2002]). Assume
H(X) is compact. For Problenf2(D¢) as in (5.24) withC' > 0, there existsPy =
{py,...,pxn} C PsuchthaQ)(Dg) = Q(Dr(Pn)).

The proof can be found in Appendix A.4.5 on page 150.



102 5 Ensembles for Regression

The significance of this result is that there exists an odtanaemble that consists of at
mostN hypotheses wher® is the number of training examples. Although, we have shown
this for finite hypothesis sets already in Section 5.2.3, #atisfying that this property does
not change if the set of possible hypotheses is infinite.

5.3.3 Primal Regression SIP

Next we look at the corresponding primal problem for the sarfinite case. We would
like our semi-infinite dual problem to be equivalent to a megful primal problem that
simplifies to the original primal for the finite hypothesisea

Let M+ (Pg) be the set of nonnegative Borel measure&gn The subset

R = {u e M*(Pg) | supp(u) finite} (5.27)

denotes the set of nonnegative generalized finite sequehbesprimal problem of the
generic SIP as in (5.25) is [cf. Hettich and Kortanek, 1993]

Q(Pg) = inf > w(p)u(p) + G(€) — (k. q) (5.28)

K
€, pEPe

with Qk — Y u(p)u(p) = ¢
pePs
uE ]REPG),R ER, € RN,

whereG is the convex conjugate function 6f, andq,u,v are as in (5.25). From this
general primal SIP one can straightforwardly derive thengtiregression semi-infinite
problems. For completeness we give the primal problem fo24pwith convex loss
function and/; -norm regularization:

N
inf C 3 ap+ ) g(én)

&bl pepp n=1
with y, —b— Y aphp(x,) =¢, forn=1,....N (5.29)

PEPR
acRP" ¢eRV beR

where we have used (5.28), while settipg= [§] and@Q = [7}:;;;:{1] andIRi(f”) is as
defined in (5.27). For convenience we wiitg instead ofa(p).

Analogously we can derive the semi-infinite version of (dgIng thes-insensitive loss
(see also (5.33)):

inf O Y apt D (6t )+
n=1

b€ L% e pePn
with Un —b— > aphp(x,) <e+¢&, form=1,...,N
pepn (5.30)
b+ > Gphp(®n) —yn <e+&, form=1,...,N
PEPR

ac ]R(ff“),g,g* eRY,beReeRy,
where we only needed to double the constraints and had tolinte a new variable
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In our finite regression problems, the optimal objectiveuesl of the primal and dual
problems are always equal (cf. Lemma 5.3). This might noagibe true for the semi-
infinite case Weak dualityalways holds, that i2(Pg) < Q(D¢). We must ensure that
there is no duality gap, i.e., th&(Ps) = Q(D¢). Furthermore, one needs that the
minimum exists (and not only the infimum, cf. (5.28)).

For simplicity we will restrict our attention in the followg to (piecewise) linear and
convex loss functions, like theinsensitive loss. For non-linear loss functions, howgver
most of these result can be transfered easily [cf. Borwed®3b, Hettich and Kortanek,
1993]. From Hettich and Kortanek [1993] (Theorem 6.5) weehide following:

Theorem 5.6 (Sufficient conditions for no duality gap, Hettch and Kortanek [1993]).

Let the convex cone
({(2) rend e
v(p) (5.31)

= > /\(p)( “(p)) > AG]RSEPG) C RN+,

pEPq ’U(p

My 1

be closed, thef(Pgs) = Q(D¢) and primal minimum is attained.

Let us consider regression problems with piecewise-lingavex loss functions. Then
the resulting problem can be expressed as a linear prograuséiu(p) = hp(X) =
[hp(21), ..., hp(zn)]" andwv(p) = C. Using a result found in Glashoff and Gustafson
[1978], one can easily show the following:

Corollary 5.2. Assume eacly, is finite, H(X) is compact and” > 0. Consider the
regression problems (5.29) and (5.25), called and Dy, respectively. If; is a piecewise-
linear, convex loss function, then ()(Pr) = Q(Dg), (ii) primal minimum and (iii) the
dual maximum are attained.

The proof can be found in Appendix A.4.9 on page 152. The tamptequires thaH (X)
is compact. This is the case if

= the (vector-valued) functioh, (X) as defined in (5.21) is continuous with respecpto
or

= the set of distinct hypotheses is finite, {é.(X) | h = L(X,p), p € P} is finite.

Y

These two conditions are sufficient to cover all the base thgses sets considered in this
work except decision trees (other, more refined conditioagpassible). For decision trees
one has the problem, tha}, (X') might change drastically, whgnchanges only very little,
since another coordinate might be chosen somewhere irgheHowever, there is a simple
trick to avoid this problem: Roughly speaking, at each pwiitih discontinuityp, one adds
all hypotheses tél that are limit points off h,,- }, where{p®}2°, is an arbitrary sequence
converging tap. If the base learner is asked to return a hypothesis at soscerdinuity,
then it might at random pick one of these hypotheses. A sirsitategy could be used for
other open, bounded hypothesis sets.
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5.4 Optimization Algorithms

In this section we develop three regression algorithms,revinee focus to apply them
for infinite hypothesis sets. The first algorithm is for thénsensitive loss and based on
the Column Generation (CG) technique discussed for claatiin in Section 4.3.5 [cf.
Demiriz et al., 2001b]. The second algorithm extends therkeging scheme for arbitrary
strictly convex loss functions (cf. Section 3.1 and Sectidh3) to infinite hypothesis sets.
Itis easier to implement than the CG algorithm, but requstestly convex loss functions.
Therefore, we outline a third algorithm, that exemplary {bac-insensitive loss) shows
how barrier techniques can be used to generate sequendastbf sonvex loss function to
approximate the convex loss. Then the above-mentioneddgivey approach can be used
to minimize the barrier objective.

As in classification, we have to assume properties on thelbasger to be able to prove
convergence. Here we will require-optimality similar to Definition 3.4:

Definition 5.1 (r;-Optimality). LetS be a sampleH complementation closed and com-
pact hypothesis space. Furthermore, fgt: R, — R, be a strictly monotonically in-
creasing and continuous function with(0) = 0. A base learning algorithnd is called
i-optimalfor H, S andC, if it always returns a hypothesis€ H that satisfies

vm—C>t (g,lg;j(w - C)) (5.32)
N
for any weightingd € RV, wherey, = Z dph(xy).
n=1

Note that the maximum in (5.32) always exists, since we asghatH is compact. This
is an assumption always inherent in the following withoupleitly being stated. Since
the hypothesis set is infinite, we will state asymptotic @gence results only. Hence, the
T1-optimality is sufficient for our purpose (see also Sectid?)3

The following three algorithms are presented in an order &kenthe presentation
easiest. We therefore first consider #isensitive loss, then general loss functions and
then we come back to theinsensitive loss.

5.4.1 Column Generation Method for thes-insensitive Loss

In this section we consider a column generation linear @gning approach for the-
insensitive loss. The dual of (5.14) for this loss and infitiypothesis sets can be rewritten:

N
W(df = dy
nax ;y(n ")

with > db —d, =0
Y. db+dy; <v
Sonhp(®n)(df —d,) <C pe?
0<dt,d, <1/N n=1,...,N,

(5.33)
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The basic idea of column generation is to construabjgtimalensemble for aestricted
subsebf the hypothesis space [Nash and Sofer, 1996]. The linedrigm (5.33) is solved
for a finite subset of hypotheses only. It is called testricted master problenThen the
base learner is called to generate a hypothksis= £(X,d) whered = d+ — d~.
Assuming the base learneris-optimal, holds: ify"  h:(x,)(d;l —d; ) < C, then the
current ensemble is optimal as all constraints are fulfillédot, the hypothesis is added
to the problem, which is then re-solved. This correspondgetoerating acolumnin the
primal LP (5.12) or SILP (5.30) or aow of the dual LP or SILP (5.33). The resulting
algorithm is outlined in Algorithm 5.8. Here we ugga.x < oo, which is satisfied sincH
is compact.

Algorithm 5.8  The CG-Regression algorithm.

1. Input: N examples S = {(x1,y1),...,(z~,y~)}, Number of iterations T', ymax < 00
Tube parameter v € (%, 1), Regularization constant C
2. Dofort=1,...,T
(a) Let (d“F,d®7) be the solution of (5.33) using ¢ — 1 hypotheses

(b) Call weak learner with weighted sample set {S,d“)} and obtain hypothesis
hi i x> [_ymamymax}

3. Breakif °V_, (dﬁP’* - d%%*) hi(zn) < C
4. Let (&, b) be the dual solution to (d““, d(t)”>, i.e. a solution to (5.12) with P[fs] =
llelly

5. Output: Final hypothesis f = b+ 3.7} dgh,

Algorithm 5.8 is a special case of the set of SILP algorithmswn asexchange
methodsThese methods are known to converge. Clearly if the set pbtieses is finite,
then the method will converge in a finite number of iteratisimce no constraints are ever
dropped. But one can also prove that it converges for the-g&imite case:

Theorem 5.7 (Convergence of Algorithm 5.8).Assume the base learnerg optimal.
Then Algorithm 5.8 stops after a finite number of steps wittiati®n to the dual regression
SILP (5.33) or the sequence of intermediate solutiadi$)+, d(¥)>~) has at least one
accumulation point and each of these solves (5.33).

A proof adapted from Theorem 7.2 in Hettich and Kortanek R]9€an be found in
Appendix A.4.10 on page 152.

In practice, we found that the column generation algorithops at an optimal solution
in a small number of iterations for both LP and SILP regresgimblems. Note that this
theorem is assumed to hold for a more general set of exchaetdeds than Algorithm 5.8
[Hettich and Kortanek, 1993]. For example, it is possibladd or drop multiple constraints
at each iteration.

Clearly, since there is no duality gapldss assumed to be compact, one has also solved
the primal optimization problem (cf. Theorem 5.6). It holds
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Corollary 5.3. Under the conditions of Theorem 5.7, a dual solut{@n b) (with finite
support) to any limit point of Algorithm 5.8 (cf. step 4) sd\y(5.30).

Algorithm 5.8 requires that one solves a linear programngir@gplemexactlyin each
iteration. Some linear programming packages such as CPIEX | 1994] have a so-
called hot-start feature to add additional constraints to a LP and then tooheesthe
problem quite efficiently. However, this particular featus applicable for the-insensitive
loss only. For other loss functions one has to solve the ir@at optimization problem in
each iteration exactly, which can be very costly.

5.4.2 A Regularized Leveraging Approach

In this section we consider the case of strictly convex lasxfions, where one only
needs to solve a optimization problem approximately (esingithe coordinate descent
techniques used earlier). This exploits the fact that intdeed not necessary to find an
exact minimizer of the approximate problem — the restricteter problem. As a result of
our analysis, one can trade-off the computational effarttie base learner with the effort
for finding approximate solutions of the non-linear optiatinn problem. This is useful, as
combining different types of base learners will usuallyutes different requirements on
the accuracy of the solution of the optimization problent.iRstance, if the base learner is
very “weak” one has “increase the complexity” through appiately combining them.
Then one would require more accurate solutions. On the dihad, if they are quite
complex, the combined functions might already work well siderable well separately.
Then a very exact solution might not be necessary.

The problem (5.14) for a restricted hypothesist$€t with ¢ elements can be written as:

&b

t N
min E(&,b):=CY ar+ > gUn — fas(@n)), (5.34)
r=1 n=1
with& € Rf,b e R

where the constraints, — fa.,(2,) = &, are fulfilled by pluggingy, — fa.»(x,) into the
loss function directly. The dual problem of (5.34) is (5.18)

The important question to answer is, whether one can adagdrém 5.7 to the case
where one does not solve the restricted master problemlgxectione in the last section.
Let us first define the notion of @-minimizer for our problem. The first order optimality
condition fora, is

N
OE(a,b
# - Yr = c - Z hr(mn) gl(yn - fd,b(mn)) - Yr = 0,
0d, —
wherey, > 0is a Lagrange multiplier for the constraiff > 0. From the KKT conditions
we havey, &, = 0. Hence, ifa, = 0, the gradient can be positive at optimality. Otherwise
it must be zero.
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We therefore call a paifa, b) a p-minimizer for (5.34), if

1. % > —p, foralla,. =0,

Gr

2. ‘%‘ < pforall &, > 0 and
OF (&b

Such approximate solutions can be easily obtained by earppsg usual optimization
tools. One could for instance use easy implementable coateldescent methods and stop
if the conditions above are satisfied. For small hypothets such methods will converge
quite fast to ap-optimal solution (ind(log(1/¢)) iterations; cf. Section 3.3).

Let us now come to our algorithm, which is designed to takeaathge of the tolerated
inaccuracy. As the algorithm proceeds, one is more and miketylto have enough
hypotheses selected. Hence, one redygeteratively. Howy; is reduced does not matter
for our convergence result, however, in practice one haswtbdigood trade-off between
the number of calls of the base learner and the effort to cdengpproximate solutions.

Our (conceptional) algorithm is outlined in Algorithm 5&nd is in fact quite similar
to the generic leveraging algorithm proposed in Section Butthermore, it is related to
the regularized leveraging algorithm proposed in Sectich34 with the only difference
that we require here;-optimality. This could e.g. be implemented using the couate
descent techniques (cf. Section 4.3.3 and Section 3.3); ottfer optimization methods.

Algorithm 5.9 The Leveraging Algorithm for Regression in Infinite HypatigeSets

1. Input: N examples S = {(z1,y1),..., (z~,y~n)}, Regul. constant C, ymax < oo,
Number of iterations T, a sequence ¢; — 0
2.Dofort=1,...,T
(a) Let (&9, b;) be a w¢-minimizer of (5.34) using ¢ — 1 hypotheses
(b) Letdy) = g'(yn = fai )

(c) Call weak learner with weighted sample set {S,d“)} and obtain hypothesis
hi i x> [_ymamymax}

3. Breakif S°N_, dhi(z,) < Cand ¢; = 0
4. Output: Final hypothesis f =b+ -'7] dqh,

Using theyp-optimality, we can show that, i — 0, then it will eventually converge to
the optimum:

Theorem 5.8. LetS be a sample(’ > 0, L be ar,-optimal base learner on some compact
hypothesis seH, g be a strictly convex, symmetric and continously diffeedsié loss
function, andyp; be a sequence witlr, — 0. Furthermore, Iet(&(t), b:) be the result
of Algorithm 5.9 after iterations. Assume there is no duality gap and the numbeonf n
zeros ina?) stays bounded far — oco. Then any limit point ofé&;, b;) for t — oo is an
optimal solution of (5.29).

The proof is given in Appendix A.4.11 on page 153.
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There are some assumptions, which we explain in the follgwitirst, we obviously
needC > 0, as otherwise the regularization is not effective and we lesme desirable
properties. Furthermore, the loss has tosbréctly convex. This turned out to be necessary
to bound the deviation of the approximate dual variablesiftoe optimal solution. Finally
we need to assume, that teminimizer has asymptotically a finite support, i.e. the
sparseness property as stated in Corollary 5.1 is effed@itleerwise, one would not solve
(5.29), since the support could be infinite. But also nota tifie loss function only depends
on the hypothesis outputs and the sum ofdt'® Hence, one can always express the same
solution with a bounded number of non-z&its (cf. Corollary 5.1).

A question, however, is how fast the sequegagshould go to zero. Our proof allows to
choosep, to be dependent of the result of previous iterations, buagt to go to zero. We
think it would be useful to adapt it to how the base learnefquers. Hence, in practice we
suggest to sep; depending on the result of the previous call of the base ézaie.

N
pr = (Z AtV hy(zy,) - C) (5.35)
n=1

for some small enougd € (0, 1)0. Empirical results indicate that e.§§.= % is sufficient.
From an theoretical side, however, it bears the problem dwshaty; converges to zero.
Here, we do not have an answer and it is further research twerefir results.

5.4.3 A Barrier Approach for the e-insensitive Loss

In Section 5.4.1 we have proposed a column generation #hgofor thes-insensitive loss,
where one is required to solve a LP in each iteration exatltis can be practical if good
commercial optimizers such as CPLEX are available. In teedaction, we considered a
leveraging algorithm that only uses approximate solutidinst are considerably easier to
obtain. However, the loss function needs to be strictly eanin this section we consider
a leveraging algorithm for the-insensitive loss using the barrier optimization techeisju
used earlier. It combines the merits of thénsensitive loss as discussed in Section 5.1.3.3
and of leveraging techniques as in the last section.

From an optimization point of view, however, the algorithtratt we are going to
propose has a theoretical problem when using infinite hygsmstsets: Barrier optimization
techniques are usually applied for finite mathematical @ots only and the theory for an
infinite number of constraints is not well developed. We kttime extension of the theory
of semi-infinite barrier optimization goes beyond the scopthis thesis. Here, we would
like to note that in Kaliski et al. [1999] a similar barriegakithm using thdog-barrier
has been used [cf. also Mosheyev and Zibulevsky, 1999].flitise work to rigorously
prove that this algorithm also converges to the optimaltsmiuvhen the hypothesis set is
infinite. We conjecture this is possible.

Since we have already developed a barrier algorithm fois@fiaation in Section 4.3.3,
we will omit some details and also the proofs in this presoma They can easily be
adapted from the results in Section 4.3.3. Here, we will givly an outline of the algorithm
[for more details and proofs see Ratsch et al., 2002].
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Thee-insensitive loss can be understood as a two-sided sofgimlass (hinge loss). For
the soft-margin loss we have shown that the barrier algorithr classification replaces it
by a sequence of smooth approximations (similar to logistis), where the approximation
accuracy is controlled by the barrier parametdcf. Section 4.3.3). The main idea also of
this section is to replace theinsensitive loss by some “double-logistic” approximatio

The barrier minimization objective for problem (5.12) wilfs] = ||&@||; using the
exponential barrier can be written as (cf. Appendix B.2):

Es(a,b,€,¢) =

J 1 N

CZdj+NZ(€n+£;§)+ws+ (5.36)
w3 oo () e (5| 800 () +

By {exp (yn — fan(@n) = & —a) 4 exp (fd,mn) “yn _Eﬂ |
P B 5

where the constraini& > 0 are omitted here. As in classification, they will be consadier
separately. The first line in (5.36) is the objective of (5,1Re second line implements the
constraintg > 0 and¢, > 0forn =1,..., N, andthe third ling,, — fa s(xn) <e+&,
andfap(xn) —yn <e+ ¢, forn=1,...,N.

As in classification we can set the derivatives with respeétand£ ™ to zero and obtain

a simplified barrier objective (cf. Section 4.3.3):

Es(a,b,e) =
I N 5, — 5, -
C’jzzlaj+%nl [log<1+exp< BE>>+10g<1+exp< 5 6))}
+ve + fexp (—%) (5.37)

whered, = y, — fa,s(2n). It can easily verified that (5.37) corresponds to a strictigvex
loss function forg > 0 (the “double-logistic” loss). Hence, we may either use ohthe
leveraging schemes (cf. Section 4.3.3) or other technitpisratively minimizeE£z. We
decided to leave this issue open and take the generic agpobaeoptimal solutions of the
last section. Then, in fact at least the minimizatiortf works provably also for infinite
hypothesis sets.

As in classification, if the edge of the returned hypothesismall enough, the barrier
parameters is reduced by some factere (0, 1) (cf. step 3d in Algorithm 5.10). If the
hypothesis set is finite, then one can show that it is reducdyl ibthe gradients with
respect to all variables are small enough. Hence, one caly #ppbarrier convergence
results (cf. Proposition B.1) to show convergence. Thisiargntation unfortunately only
holds, if the hypothesis set is finite. Since the proof forfihge case is a straightforward
extension of the proof given for the barrier algorithm foassification (cf. Theorem 4.3),
we omit further details [see Ratsch et al., 2002]. The psexatie of our proposition is
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given in Algorithm 5.10t1 The computation of the example weighting in step 3b directly
follows from step 2b in Algorithm 5.9 and our definition of tless in (5.37).

Algorithm 5.10  The Barrier-Regression algorithm [Ratsch et al., 2002]

1. Input: N examples S = {(xz1,y1),...,(z~,y~n)}, Regularization constant C, ymax <
oo, c € (0,1)

Number of iterations T’
2. Initialize: 8 = Bstart
3. Dofort=1,...,T

(a) Let (&9, by, ;) be a B-minimizer of (5.37) with & > 0 using ¢ — 1 hypotheses
1

(b) Let d¥ = [1 + exp <— fat (@) ~yn — &1 )] _

B
[1 + exp <— n — fé‘“),/;t (n) — Ef)

(c) Call weak learner with weighted sample set {S,d“)} and obtain hypothesis
hi :x— [_ymam ymax]

@ 1f SN dPhi(zn) — C < Bthen g = cf
4. Output: Final hypothesis f = b+ 3! _] aqh,

—1

5.5 Evaluation and an Application

In this section we present some results indicating the idagiof our approaches. We will
start in Section 5.5.1 with showing some basic propertigh@fcolumn generation (CG)
and barrier algorithms for regression. We show that botlortigms are able to produce
excellent fits on a noiseless and several noisy toy probldims.regularized leveraging
algorithm as proposed in Section 5.4.2 works very similath® barrier algorithm, but
one can choose different loss functions. To show the comiyeiess of our algorithms we
performed a benchmark comparison in Section 5.5.2 on tienies prediction problems
that have been extensively studied in the past. Moreovegjveean interesting application
to a problem derived from computer-aided drug-design irtiSe&.5.3.

To use our algorithms we need to specify base learning dlgos. We use three different
base learning algorithms. The details are given in AppeBd®«2—B.6.4. Here we give a
brief description only. We use RBF kernel functions

— ()2
T -
hn(m):exp<_|| g ||>,
n

either with centers fixed at the training points position @&ppendix B.6.2) or adapted
to maximize the edge (cf. Appendix B.6.3). We call the lagpproachactive kerneld-2
As a third base learner, we use a particular simple one gettatthe Tree-Boost algorithm

11. Its convergence for finite hypothesis sets has been piaveatsch et al. [2002].
12. This idea is also known @soving centergroposed in T.Poggio and Girosi [1990].
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[Friedman, 1999]. We will call isparse classification functioyas they actually implement
a classification algorithm that only tries to fit the sign te thieightingd (note that it can
be positive and negative). It solves a linear program in tipeii space leading to sparse
weight-vectors and, hence, to a feature selection capafufi Appendix B.6.4 for details).
In particular for the drug-design problem this base leataared out to be very well suited
(high dimensional data with a few examples).

We will denote by CG-k, CG-ak and CG-LP, the CG algorithm gskRBF kernels
(cf. Appendix B.6.2), active RBF kernels (Appendix B.6.3)declassification functions
(Appendix B.6.4) as base learners, respectively. LikeaseBar-k, Bar-ak and Bar-LP
using the barrier algorithm. Furthermore, we use the prefigv” for the regularized
leveraging algorithm. Not all of these possible combinatibave been implemented, since
we found that the CG and the barrier algorithm perform vemyilsir.

5.5.1 An Experiment on toy data

To illustrate (i) that the proposed regression algorithmvasges to the optimal (i.e. zero
error) solution and (ii) is capable of finding a good fit to nodata (signal:noise=2:1) we
applied it to a toy example — the frequently usadt function ginc(x) = sin(nz)/(rz))

in the rangd—2, 27]. For our demonstration (cf. Figure 5.2) we used two base thgsis
sets: (i) RBF kernels in the way described in Appendix B.Be2,

H = {ha(x) = exp(~lz - @a|?/0?) [n = 1,..., N}

with 2 = 1/2 and (ii) classification functions as described in Appendig.B. In the
first case we used the CG and the Barrier approach — leadifg talgorithms CG-k and
Bar-k. The latter case is included for demonstration puegasly, the CG-LP is designed
for high-dimensional data sets and does not perform welbwm dimensions due to the
severely restricted nature of the base hypothesis set.

To keep the results comparable between different data setse/a normalized measure
of error — the2-error (also called normalized mean squared error), wiiakefined as:

Spt (Un = f(@a)?
Snt (U — 7 X 9i)?

A Q%-value greater than one is meaningless, since simply giedithe mean value will
result in a@)-value of one.

Let us first consider the case of RBF-kernels. In the noise-trase (left panel of
Figure 5.2) we observe — as expected from Proposition 5.2at ttie (automatically
determined) tube sizeis very small (0.0014), while it is kept large (0.12) for thiglhnoise
case (right panel). Using the right tube size, one gets anstlperfect fit Q2 = 4 - 107?)
in the noise-free case and an excellent fit in the noisy @@se=( 0.12) — without re-tuning
parameters.

The CG-LP produced a piecewise-constant function basedhfnteo classification
functions. The same solution ¢f? = 0.4 was produced in both the noisy and noise-free
cases. Interestingly in the noisy case it produces almogtantical function. Because the

Q% = (5.38)
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Figure 5.2 Toy example: The left panel shows the fit of #iac function without noise using RBF-
kernels (solid) and classification functions (dashed). dii fit is almost perfect@? = 4 - 10~°),
while the dashed function is too simpl@{ = 0.4). The right panel shows a fit using RBF-kernels
(@* = 0.12) on noisy data (signal:noise=2:C, = 100). The tube size is automatically adapted by
the algorithm ¢ = 0.0014 (left) ande = 0.12 (right)), such that a half of the patterns lie inside the
tube v = 1/2).

hypothesis sets only consists lafear classification functions constructed by LP (B.24)
(cf. Appendix B.6.4), the set of base hypothesis is extrgmestricted. Thus high bias, but

low variance behavior can be expected. We will see later timemigh dimensional datasets
the CG-LP can perform quite well.

Let us now compare the convergence speed of CG- and BareigreRsion in the
controlled setting of this toy example. For this we run bolfpoathms and record the
objective values of the restricted master problem. In egafation the barrier algorithm
has to find the minimizing or almost minimizing parametgise, b) of the barrier function
E; for the restricted master problem. In our implementationuse an iterative gradient
descent method, where the number of gradient steps is a pteaof the algorithm. The
result is shown in Figure 5.3. One observes that both alyostconverge rather fast to the
optimal objective value (dotted line). The CG algorithm eerges faster than the barrier
algorithm, as the barrier parameteusually decreases not quickly enough to compete with
the very efficient Simplex method. However, if the numbermitient descent steps is large
enough (e.g. 20), the barrier algorithm produces companasiults in the same number of
iterations. Note that these gradient steps are computdlyonsually much cheaper than
solving a linear programming problem (as e.g. for the CGaatgm).

5.5.2 Time Series Prediction

In this section we would like to compare our new methods to S\&kid RBF networks. For
this we choose two well-known data sets that have been frelyuesed as benchmarks on
time-series prediction: (i) the Mackey-Glass chaotic tseges [Mackey and Glass, 1977]
and (ii) data set D from the Santa Fe competition [Weigend@acghenfeld, 1994]. We fix
the following experimental setup for our comparison. We segen different models for
our comparison: three models that have been used in Miillel §999] (RBF nets and
SVM-Regression (SVR) with linear and Huber loss) and fowr neodels: CG-k, CG-ak,
Bar-k and Bar-ak.
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Figure 5.3 Convergence on the toy example: The convergence of thetolgdanction||&l|: +
|[€]l1/N + Cve in CG-Regression (solid) and Barrier-Regression to theratvalue (dotted) over
the number of iterations. Left for no noise and right for rgprmal noise (signal:noisé= 1). For
Barrier-Regression we ditl (dash-dotted) and0 (dashed) gradient descent steps in each iteration,
respectively. We used = 1/2,C' = 100 and RBF-kernels witlw? = 1/2. We got||&|: = 2.7,

e = 0.0014 (left) and||&]||1 = 1.3, ¢ = 0.12 (right).

All models are trained using a simple cross validation téphe. \We choose the model
with the minimum prediction error measured on a randomlyseimovalidation set [origi-
nally taken from Mdller et al., 1999]. The data includingr@xperimental results can be
obtained fromhttp://ida.first.gmd.de/ raetsch/data/ts

5,5.21 Mackey Glass Equation

Ouir first application is a high-dimensional chaotic systemeyated by the Mackey-Glass
delay differential equation

d(t)

dt

0.2x(t —ta)
T+ z(t —ta)t0’

with delayta = 17. Eq. (5.39) was originally introduced as a model of blood oe-
ulation [Mackey and Glass, 1977] and became quite commom astificial forecasting
benchmark. After integrating (5.39), we added noise toithe series. We obtained train-
ing (1000 patterns) and validation (the following 194 pait} sets using an embedding
dimensiond = 6 and a step size = 6. The test set (1000 patterns) is noiseless to measure
the true prediction error. We conducted experiments fdiedéht signal to noise ratié3
(SNR) using uniform noise.

In Table 5.1 we state the results given in the original palgédler et al., 1999]for SVMs
using e-insensitive loss and Huber’s robust loss (quadraticilipeand RBF networks.
Moreover, we give the results for the CG and the barrier dligor using RBF kernels
and active RBF-kernefs* We also applied the CG algorithm using classification fuorei

(5.39)

—0.1z(t) +

13. We define the SNR in this experiment as the ratio betweendhance of the noise and the variance of the

data.
14. Onthe entries set as italic, the model selection faitedpietely. In this case we selected the model manually
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(CG-LP), but the algorithm performed very poorl§){ ~ 0.16), because it could not
generate complex enough functions. From Table 5.1 we obgbat all four algorithms
perform on average as good as the best of the other algor{ihrh& cases better and in 13
cases worse). The 100 step prediction at low noise levedgher poor compared to SVMs,
but it is great on the higher noise levels.

Note that the CG and the barrier algorithm do not performisicantly different (CG is
in 5 cases better and in 7 cases worse). This shows that tipdedirarrier implementation
given in Algorithm 5.10 achieves a high enough accuracy topete with a sophisticated
simplex implementation used in the CG-algorithms.

SNR 6.2% 12.4% 18.6% Table 5.1 1S denotes

test error 1S  100S 1S 100S 1S 100S the 1-step prediction er-
CG-k 0.0011 0.0804 0.0035 0.0838 0.0031 0.0882 'O (Q”)on the test set.
CG-ak 0.0010 0.0749 0.0035 0.0854 0.0065 0.0998 ;?e(zjs;tt:r?olrggl;?‘;fééfg
BAR-k 0.0013 0.0900 0.0032 0.0590 0.0051 0.0661  {ion “SNR” is the ratio
BAR-ak 0.0012 0.0893 0.0027 0.0621 0.0066 0.0821 between the variance of
SVMe-ins. 0.0007 0.0158 0.0028 0.0988 0.0057 0.4065 the respective noise and
SVM Huber 0.0013 0.0339 0.0038 0.0852 0.0071 1.0297 the underlying time se-

RBE-NN 0.0016 0.0775 0.0038 0.1389 0.0154 1.6032 o

5.5.2.2 Data Set D from the Santa Fe Competition

Data set D from the Santa Fe competition is artificial dataegated from a nine-
dimensional periodically driven dissipative dynamicastgyn with an asymmetrical four-
well potential and a slight drift on the parameters [Weigand Gershenfeld, 1994]. The
system has the property of operating in one well for some t@me then switching to
another well with a different dynamical behavior. Therefare first segment the time se-
ries into regimes of approximately stationary dynamicssThaccomplished by applying
the Annealed Competition of ExpefACE) method described in Pawelzik et al. [1996],
Muller et al. [1995] (no assumption about the number ofistetry subsystems was made).
Moreover, in order to reduce the effect of the continuoust,doinly the last 2000 data
points of the training set are used for segmentation. Affgriyang the ACE algorithm,
the data points are individually assigned to classes oédifft dynamical modes. We then
select the particular class of data that includes the data9at the end of Data Set D as
the training set®

This allows us to train our models on quasi-stationary daié \we avoid having to
predict the average over all dynamical modes hidden in thdraining set [for further
discussion see Pawelzik et al., 1996]. However, at the samgewe are left with a rather
small training set requiring careful regularization, srtbere are only 327 patterns in the
extracted training set. As in the previous section we uselidation set (50 patterns of

by choosing the model on the 10th percentile of the test ®woer all tested models.
15. Hereby we assume that the class of data that generati@stipoints in the training set is the one that is also
responsible for the first couple of steps of the iteratedinaation that we aim to predict.
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the extracted quasi-stationary data) to determine the muatameters of SVMs, RBF
networks and CG-Regression. The embedding parametersdise?0 andr = 1, are the
same for all the methods compared in Table 5.2.

Table 5.2 shows the errorg)¢-value) for the 25 step iterated predictidfiin the
previous result of Muller et al. [1999] the Support vectaachine withe-ins. loss is30%
better than the one achieved by Pawelzik et al. [1996]. Thikeé current record on this
dataset. Given that it is quite hard to beat this record, oethods perform quite well.
CG-ak improves the result in Pawelzik et al. [1996]28%, while CG-k is26% better}’
This is very close to the previous result. The model-sedecis a crucial issue for this
benchmark competition. The model, which is selected on #sislof the best prediction
on the 50 validation patterns, turns out to be rather sub@dtiThus, more sophisticated
model selection methods are needed here to obtain morbleetizsults.

Table 5.2 Comparison (under competition

conditions) of 25 step iterated predictions

CG SWM NeuralNet ()2 yalue) on Data set D. A prior segmen-

CGk CG-ak e-ins. Huber RBF PKM  tation of the data according to Milller et al.

0.036 0.035 0.032 0.033 0.060 0.066 [1995], Pawelzik et al. [1996] was done as
preprocessing.

5.5.3 Experiments on Drug data

This data set is taken from computer-aided drug design. ©akigito predict bio-reactivity
of molecules based on molecular structure through theioreat Quantitative Structure-
Activity Relationship (QSAR) models. Once a predictive rabtlas been constructed,
large databases can be screened cost effectively for besichemical properties. Then
this small subset of molecules can be tested further usaditional laboratory techniques.
The target of this dataset LCCKA is the logarithm of the caonition of each compound
that is required to produce 50 percent inhibition of site ¥8'the Cholecystokinin (CCK)
molecule. These CCK and CCK-like molecules serve importdas as neuro-transmitters
and/or neuro-modulators. 66 compounds (examples) weentélom the Merck CCK
inhibitor data set. The datad€originally consisted of 323 descriptors (dimensions) take
from a combination of “traditional” 2D, 3D, and topologicploperties and electron
density derived TAE (Transferable Atomic Equivalent) noalkar descriptors derived using
wavelets [for details see Brenema et al., 2000]. All data seaged to be betwedhand].

It is well known that appropriate feature selection on thatadet and others is essential
for good performance of QSAR models due to the small amouvaiflable data with
known bio-reactivity and the large number of potential diggors [see for example Em-
brechts et al., 1998]. In an unrelated study [Demiriz et2001a] feature selection was

16. Iterated prediction means that based on the past predigiand not on the original data) the new prediction
is computed.

17. We have not performed experiments with the barrier @lyoron this data, since the performance is expected
to be similar.

18. The data can be obtained frdmtp://www.rpi.edu/"bennek
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done by constructing & -norm linear support vector regression machine (like inagigun
(5.12) with fixede and/;-norm regularization and where the features are the inpoeds
sions) to produce a sparse weighting of the descriptorsy @el descriptors with positive
weights were retained. We take the reduced s&0afescriptors as given. We refer to the
full data set as LCCKA and the reduced dataset as LCCKA-R.

The typical performance measured used to evaluate QSARisldtee average sum
squared error between the predicted and true target valvieled by the true target vari-
ance. This igQ? as defined in (5.38). A)? of less thar0.3 is considered very good. To
measure the performance, 6-fold cross validation was pegd. We report the out-of-
sample()? averaged over the 6 folds. In this first study, model-sebectising parameter
selection techniques was not performed. As models we cen€iG-LP (CG with classi-
fication functions) and CG-k (CG with non-active kernels¥ctibed in Appendix B.6.4
and B.6.2. For CG-k, we used only three different valuestermegularization constant,
the tube-parameter and the parameter of the base learmdkernel-width) and (com-
plexity parameter in (B.24)), respectively. Thus, we exaadi27 different parameter com-
binations. For CG-LP, we used parameter values found to wetkon a reduced dataset
in Demiriz et al. [2001a] and then chooSeandd such that the number of hypotheses and
attributes per hypothesis were similar on the training daesearch is in progress to repeat
these studies using a more appropriate model selectionitpeh— leave-one-out cross val-
idation. Model selection is critical for performance of seemethods, thus efficient model
selection techniques is an important open question thatsteebe further addressed.

First we tried CG-k and Lev-k (the regularized leveragingcaithm with the approxi-
mated Huber loss (5.9), on the full data set LCCKA, but itddito achieve good perfor-
mance % = 0.48 and@? = 0.49), while the simple approach CG-LP already performed
quite well with Q? = 0.33. This is because CG-LP is able to select the discriminative
features based on subsets of the attributes, while the lkappeoaches apparently get
confused by the nuisance features. For the reduced set LGRKwhere the features
are already pre-selected, the kernel approaches CG-k and Limprove significantly
(Q? = 0.27 and@? = 0.28) and is not significantly different than CG-LBt = 0.25).

CG-k and CG-LP produced very sparse ensembles. On the taletausing parameters
C' =8,v =0.8,andd = 6, CG-LP used on average ensembles contai2ingypotheses
consisting of, on averagé().1 of the possibl&23 attributes, while CG-k with RBF-kernel
(0 = 30) andv = 0.1 used45 hypotheses and all attributes. On the reduced datasegj usin
parameterg’ = 15, v = 0.8, andd = 10, CG-LP used on average ensembles containing
23.5 hypotheses consisting of, on averadé,7 attributes, while the CG-k approach
(¢ = 10) used on averagg0.3 hypothesesy = 0.1). The slight difference between
CG-LP and CG-k might be explained again by the presence ofamative features. The
regularized leveraging algorithm Lev-k produced ensemsblith more hypotheses (about
40). This is due to the choice of the loss function. For our captbe dual variables are
not sparse and therefore there are also more non-zero pvemiables. However, in the
analyzed case the performance is very similar to the CG-drithgn 19

19. In other cases, e.qg. if the noise distribution is givere might design a particular loss function, from which
Lev-k can profit.
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Summarizing, the CG-LP approach seems to be a very robusioghéd learn simple
regression functions in high-dimensional spaces withraati feature selection. The CG
and the leveraging approach with RBF kernels can perform, ifethe data does not
contain too many nuisance features.

5.6 Discussion and Summary

In this work we examined mathematical programming forniatet for constructing re-
gression ensembles basedfmorm regularized loss functions. We used the dual formu-
lation of the finite regression LP: (i) to rigorously defineraper extension to the infinite
hypothesis case and (i) to derive two efficient algorithmisgolving the problems with
the e-insensitive loss and one for strictly convex loss funcsiolh is shown theoretically
and empirically that even if the hypothesis space is infjdtdy a small, finite set of the
hypotheses is needed to express the optimal solution (¢hli@oy 5.1). This sparseness is
possible due to the use of tiig-norm of the hypothesis coefficient vector, which acts as a
sparsity-regularizer.

We proposed three different algorithms to efficiently corepan optimal finite ensem-
bles. Here, the base-learner acts as an oracle to find thga@onsin the dual semi-infinite
problem that are violated, or alternatively, to find the cboate in the primal domain that
needs to be optimized. For the first two algorithms (the C@étigm and the leveraging al-
gorithm for regression), we proved the convergence fortffiaite case (cf. Theorem 5.7).
The third algorithm — the Barrier algorithm for Regressiois-based on an exponential
barrier method that has connections to the original AdaBoeshod for classification [cf.
Ratsch et al., 2000c]. This algorithm converges for finigpdthesis classes. Using recent
results in the mathematical programming literature [e.@skkyev and Zibulevsky, 1999,
Kaliski et al., 1999] we claim that it is possible to generalit to the infinite case. Compu-
tationally the first and third algorithm find a provably opgihsolution in a small number
of iterations.

We examined three types of base learning algorithms. Orsedban boosting kernel
functions chosen from a finite dictionary of kernels, is aaraple of a finite hypothesis
set. We also consider active kernel methods where the kbasi$ is selected from an
infinite dictionary of kernels. Finally we consider the caséng the finite set of linear
classification functions constructed using an LP. This iggy Vimited hypothesis space
that is specifically designed to work on under-determingtifdimensional problems such
as the drug design data discussed in this work.

Our simulations on toy and real world data showed that thegsed algorithms behave
very well in both finite and infinite cases. In a benchmark carigpn on time-series
prediction problems our algorithms perform as well as theent state of the art regression
methods such as support vector machines for regressiane Icetse of “Data set D” of the
Santa Fe competition we obtained results that are compeetitith the current record (by
SVM) on this dataset. The LP classification-based approamtied extremely well on
the high-dimensional drug design datasets, since theitligpinherently performs feature
selection essential for success on such datasets.
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The primary contribution of this chapter has been a thecaitind conceptual study
of /,-norm regularized ensemble regression algorithms in fiaitd infinite hypothesis
spaces. For future work we plan a more rigorous investigatib the computational
aspects of our approach. One open question is how to bestrpestlection of the model
parameters. Another open question involves the best #hyoié approaches for solving
the semi-infinite linear program. While they work well in ptece, the column generation
and barrier interior-point methods described here are m@tcurrent state of the art for
semi-infinite linear programming. A primal-dual interiasipt algorithm may perform even
better both theoretically and empirically especially onMarge datasets. Lastly, the ability
to handle infinite hypothesis sets opens up the possibilitpany other possible types of
base learning algorithms.



Synopsis

In this thesis we have considered leveraging methods fasifieation and regression
problems. One of our major efforts was to work azdnnections between leveraging
methodsand convex optimizationThis understanding enabled us to transfer knowledge
from the theory of convex optimization to ensemble learn@ have shown whether,
under which conditions and how fast leveraging algorithmsverge to the solution of
a convex optimization problem. Particularly, we found tiataBoost can be used to
efficiently maximize the margin in classification, i.e. topapximate the solution of a
very large linear programming problem (Chapter 2). Fumihare, we considered a quite
general family of algorithms to solve large non-linear cexoptimization problems. We
identified sufficient conditions for linear and asymptotingergence if the hypothesis set
is finite (Chapter 3). Finally, we have been able to drop theuemption of finiteness of
the hypothesis set and presented algorithms and theorgdaoitarized ensemble learning
with infinitely many hypotheses (Chapter 5). Such algorhgan still be efficient, if one
uses the/;-norm regularization on the combined hypothesis. This gunt to be for
similar reasons as for learning with kernels: the solutian aelways be expressed by a
small linear combination of hypotheses. Our work closesrdraégap between existing
algorithms and their theoretical understanding in termsarfvergence. These results are
indeed very important for understanding leveraging athans, since it would be hard to
give guarantees for algorithms whose outputs are not cgmgor not characterizable.

We discussed in detail that AdaBoost-type algorithms amd tmargin classifiers in gen-
eral are noise sensitive and prone to overfit (Chapter 4).ntveduced twaegularization
strategiedor AdaBoost to alleviate the overfitting problem: first aetit incorporation of
a regularization term into AdaBoost's loss function leadin AdaBoosteg and second
by introducing slack variables to relax the hard margin t@st leading to aegularized
linear optimization problemThe essence of our proposed algorithms is to achies@afta
marginin contrast to the hard margin classification used before raetige that is already
used successfully in support vector learning. We foundrdleeoretical and practical rea-
sons why one should use the proposed regularized leveratgogthms when analyzing
noisy data. Our improvements were indeed necessary and Blaasting back into the
standard toolbox of machine learning techniques.

In the last part of this work (Chapter 5) we developed extamsiof the boosting idea
for regression tasksFor this we studied mathematical programming formulagidor
regression using different cost functions and regulaiirabperators. The-insensitive
loss and an approximation of Huber’s robust loss turned @tialve desirable properties
for our purposes. Using the previously developed undedstarof leveraging methods, we
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proposedractical algorithmgfor constructing/; -norm regularized regression ensembles.
Our work extends the practical applicability of boostingegression tasks, and thus solves
a problem for which for long no convincing solution was aahike.

In simulations we showed that the proposed regularizedigtgos for classification and
regression behave very well and achieve excellent redanltsenchmark comparisons on
ten data sets of the IDA repository and on two time-seriediptien problems they perform
competitive to state of the art classification and regressiethods such as support vector
machines. We expect that these simple-to-implement akgos will be frequently used in
the near future.

To further illustrate the usefulness of our algorithms inealfworld setting, we used
them in two interesting industrial applications: a norrisive power monitoring system
and in the drug discovery process. In both applications arfigw examples are available
and learning, i.e. generalization to unseen data, is a diffiroblem. We have been able
to achieve generalization performances that are of grdaeviar these applications. For
the power monitoring system we have applied for a patent.

Summarizing, the main contribution of this work is to undamsl boosting methods
from a learning theoreticalnd optimization point of view and exploit this understanding
to developpractical and ready-to-uselgorithms for classification. We conjecture that our
results can be used to analyze many other variants of bgostre algorithms proposed
recently in the literature (chttp://www.boosting.org ). One of the most difficult
and challenging open question is how to best perform select the model parameters.
Moreover, we have several other applications of our methodgenome analysis, drug
discovery and fraud detection in mind, which will be workad m the future.
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Appendix A Proofs

A.1 Proofs from Chapter 2

This lemma will be used by the following proofs:

Lemma A.1 (Schapire et al. [1998], Schapire and Singer [1999 Let « be the vector
hypothesis coefficients satisfying> 0,¢ = 1,...,7. Then holds

N
1
NZI (pnla) < (H Zt> exp {Z Oat} = exp {Z(Gat + log Zt)} (A.1)
n=1 t=1
whereZ; is as defined in (1.9) and (2.5).
A.1.1 Proof of Lemma 2.1 from page 24

With (2.6), the smallest value fa¥; is achieved fory; = v + ¢. Then we havey;, >

3 log {2 — L log 2. The minimizingy for this expression i = —4c. Plugging in
y|eldsat > ; log fjf}é; — —1 og h% Using the convexity and the Taylor expansion of
the expression on the rhs. we can boupd> c. [

A.1.2 Proof of Lemma 2.2 from page 23

Using hy(z,) € {—1,+1}, (2.4) is equivalent to (2.6). We plug-in > o + b; to (2.6),
whereb; = 7. The resulting function i, is convex forp + b; > 0. We can therefore use
the Taylor expansion to lower bourid by =-b;. Plugging in the definition of, yields

R ¢ . o 1 ; . t ~ t—o0
ar > iy Since) ,—, 7 is divergent, we can conclude thal, _, &, — oc. ]

A.1.3 Proof of Lemma 2.3 from page 24

Fix any—1 < 6§ < p. By Lemma A.1 holds

1 XN T T
N Z I (pn(aT) <6) <exp {2(0 — g)at} exp {Z(gat + log Zt)}

n=1 t=1 t=1

T
< exp {Z(e - g)at} , (A2)
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where the last inequality holds follows from the fact thais chosen in each iteration such
that ooy + log Z; < 0 is minimized. It can therefore not be worse than 6P =0,t =
1,..., T, which would lead to an equality. Sing€, o; — oo andf < o we can conclude
that (A.2) converges to zero. Since it holds for ghy o, there can asymptotically not
exist an example with margin smaller thariThus, lim;_, o p,(a®) > o. m

A.1.4 Proof of Lemma 2.4 from page 24

We use (A.5) forp = 6. Then holds

N T
% D T(ynf(wn) < 6) <exp {— > Az(g,%)}
n=1 t;1 ) . 02
<exp {—Z 5(9 —%)2} < exp {—Z Q_t} <0,
t=1 t=1

where we used a lower bound on the binary entropy, the assomt> o + \/% and that
iy ¢ is divergentfore > 0. n
A.1.5 Proof of Theorem 2.2 from page 26
By Lemma A.1 holds

1 N T

N Z I(pn(a) <) <exp {2(9 — o) + ooy + log Zt} - (A3)

n=1 t=1

We upper bountiZ; by Z; = 52 exp(—ay) + 5 exp(a;) [Schapire and Singer, 1999,
Section 3.1]

(A.3) < exp {2(9 — 0)ay + oay + log Zt} , (A.4)
teT

and leta; be the minimizer oba; + log Z;. Thatisa, = 3 log % Plugging in

yields: gy +1log Z; = —As (0, %), WhereA, (-, -) is the the binary relative entropy defined

1. If the base hypothesis outputs are discrete this bounxhict.eNote that this proof also holds for real valued
outputs, if (2.6) is used instead of (2.4) to determine theoltlyesis coefficients.
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ass(0,5:) = “52log 11 + 52 log 1=£. Hence,

T
(A.4) = exp {2(9 — oot — A2(0,%)}

t=1

T
1 (1-90+%) 140 1+% 1-90 1-%
= 0 —0)=1 1 1
eXp{;( D ey T2 BT, T2 BTy
T
1+6 1+4 1-86 1—%
= exp lo + lo , A.5
{; 2 110 T T2 BT, (A-5)
which proves the theorem. ]

A.1.6 Proof of Corollary 2.2 from page 26

146
We start with (2.10) in Theorem 2.2. The maximu éifﬂ 1*”) with respect
to 4; is obtained foy; = 6 and forf > 4; > 1itis ecreasmg monotonically ify. We
can therefore replace by 4 in (2.10), i.e.

B T/2
1 124\ 144
— ) < 7 7 .
Nz{ (o) < 0) < [(1—9> <1+9>

If the basis on the right hand side is smaller thpnthen asymptotically we have
~ Zgil I(ynf(xn) < 6) = 0; this means that asymptotically, there is no example that
has a smaller or equal margin th&nThe supremumy,, over allf such that the basis is

less tharl satisfies
ek AR A T A
1—0p 1+ '
We can solve this equation to obta#in,,

o log(1 — 4?) —log(1 —9?)
P log((L+7)(1=4)) —log((1 =7 (1 +7%)
Thus, for anyd < 6°'P holds +; ZnNzl I(ynf(xy,) <0) = 0 (here we usé > g). So

there cannot exist an example with margin smaller thi&t. We have therefore shown that
/3 2 asup- u

A.1.7 Proof of Theorem 2.3 from page 31

See Algorithm 2.3 for definitions af,., I,-, ¥, 0.

We claim that in any iteratiom, > o* > [,.. We show, ifu,_y > o* > [,_1, then
ur > 0" >, forallr=1,..., R. Itholdsl, > ¢* > u; (induction start). By assumption
At,r > 0 and we may seznrﬂ = min, =1, minge, _7%:,,. By Theorem 2.1 holds
o* > o, forallr =1,2,...and, hence, we may skt,; = max,,—1,...,r 0r,- We have to
consider two cases. (@) > o, and (b)o, < o.. In case (b) we have an additional termin



138 AppendixA  Proofs

141, Which follows fromp, + ¢ > ¢*, justified byg, < ¢, and Theorem 2.2.

By construction, the length of intervdl., u,.] is (almost) decreased in each iteration by
a factor of two. We show, — [, < 27"*1 4 2¢. In case (a) the interval is reduced by at
least a factor of two. The worst case is if always (b) happens:

up =l <op+e -1,
- l_

- % fe—1,
_ Or—1te+ ly—1 4+ 2e =2,
= B ‘
O e o Y A Y e = 2,
= 5
o+ (T =D+ >0 2, — 2,
= T

01 + (QT — 1)5 + Z::_ll 2r_1_ilr—z’ _ 2T_1lr
- 2r—1 .

Sincel, is non-decreasinng:1 or—1-i; . — 27-1] is maximized forl, = const,
e S or i, o < SRl o = (20 127 ) = ], We
continue by using; = 0 andmin,. [, = —1:

2r—1)e—1,
S 27’71
1

< o=t + 2e.

Thus afterR = [log,(1/¢)] steps we haver1 — lg+1 < 3e ando* — g1 < 3e.

Now we run AdaBoost,,, . (S, 2log(NV)/e?) and achieve a margin of at ledgt, ; —¢
by Corollary 2.3. This can only bé& away fromg*.

We called R + 1 = [Jlog,(1/e) + 1] times Algorithm 2.2, each time calling
[2log(N)/e? + 1] times the base learning algorithm. Algorithm 2.3 returnly dhe last
hypothesis, combining onlf2log(N)/e? + 1] base hypotheses. |

A.2 Proofs from Chapter 3
A.2.1 Proof of Proposition 3.2 from page 50

We need the following:

LemmaA.2. Letg : S — R be a strictly convex, twice continuously differentiabledtion
on an open, convex s& C R. Assume;’ is L-Lipschitz differentiable or5. Assume
z* = argmin, g ¢(z) € S exists. Then holds for anye S:

7' (=)
AL

q(z) —q(z") > (A.6)
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Proof Letq'(x) = 8%—(;). Sinceq is twice continuously differentiable anf-Lipschitz
differentiable, it holdsq' (z) — ¢'(y)| < Lz — y| forall z,y € S.

Fix x € S and letf* = z* — x. We havey'(z*) = 0 sincex* is optimal. Furthermore
¢ (z)q' (z + B) > 0forall 3 satisfyingss* > 0 and|3| < |5*|. Thus

z+3
/ q'(2)dz

Sinceyg is strictly convexy’ is strictly monotone. Hence

z+3
q(z) —q(z + B)| = = sign(B) / lq' (%)|dz.

z+3

z+3
sign(B) / ¢ (#)/dz > sign(B) / ¢z + B)|di

= Bsign(B)lq'(z + B)|
=18l 1q'(z + B)]

Moreover, we have by optimality and assumption
lq'(z) = ¢'(2")| = |¢'(x)| < L|B"].

Thus|8*| > 122l Let 3 such that3s* > 0 and || = 2L From the Lipschitz
differentiability holds

¢ (=)]
2

' (z) = d' (@ + B)| < LIB| =
Sinceq' () andq' (z + ) have the same sign aigl (z)| > ¢'(z + /3) holds
- 1
' (z + B)| = 5ld' ()]
We now combine the results:

q(z) — q(z*) > q(z) — q(z + f)
= |q(z) — q(z + B)|
18] |d' (= + B)|

S18 /()] =

A%

¢ (2)]?
AL

A%

We define the functiop® (4;) = G (g(d®) + &;h®). Itis strictly convex (ifh® #
0) and continuously differentiable, since it is the conjegat a Bregman function and
h(® finite. By assumption og and finiteness oh(*), we have thay is twice continously
differentiable. By zone consistency hol@g < oo (otherwised*+!) ¢ §\ 8. We can
conclude that the minimizing,, sayé;, is unique and finite for angt®) € 8 andh(® # 0.
By convexity ofg, the minimum depends continuously dff).

We can assume that?) # 0. Otherwise we would have reached the optimum of (3.15)
(by (3.23) and the properties 0. Hence, without loss of generality we can assume in the
sequel thaf/h(¥ ||, = 1. By scalinga; one obtains identical results foh(® ||, # 1.
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Leth € RV be arbitrary with|[h|l; = 1. Let S® = (0 + en, &;,, + en) be the open
set that contains the intervil, 4; ,,], wherea; ,, is the step size when starting frodi?)
goingin directiorh to the minimum in this direction. The parametgr> 0 is chosen small
enough such thafg (g(d®) + ah®) | & € S} C 8. Suchey, exists sincel*+1) € § by
the assumed zone-consistencybf

For any sucth there exists a constait' such tha’q’h is LP-Lipschitz differentiable on
S®. Note thatZ"® depends continously od(*), sinced; ,, and therefore als¢™ depend
continuously ord® andq'™ is continously differentiable.

We defineL(d")) := maxy,|n|,=1 L. The maximum exists. Note that(d*)) con-
tinuously depends od(?), since taking the maximum of continuous functions yields a
continuous function. Note that is non-zero by strict monotonicity af andS® =# (
sincee, > 0.

Let L) be the Lipschitz constant fof on Sh"’. Then holdsL®) < L(d®).
We have ¢’ (0) = (g(g(d®)),h®) = (d® h®) By Lemma A.2 holdsq(0) —

~x ~x (1) Kt (t) [t)
a(a7) = G( 1)) - (g<d<t>)+a h(t) > MRTE > [ bE By (3.29)
holds [(d®), h(®)| 2 7(AY (d®)). Thus, by (3.19) we can conclud&q(0,d®) —
Ac(0, d<t+1>) > T(AT(d1)

(t) '

Condition (3.17)45;?1 e)asily be verified by observibgd®)) < oc. Sincer and AV
are continuousy(AV (-)) is also continuous. We have already shown th&d(®)) is
continuous and always greater than zero. There V(((i‘(if;)))) is an auxiliary function
for the sequencéd(¥)} andH. "

A.2.2 Proof of Proposition 3.3 from page 53

We first boundh’ := 6" — 4")|. By condition 3 we have

0G(H&"Y) 0G(H&"Y + \H;)
94 - - > |Ajlm-
aj aaj
By (3 29) holdsaG—M +17; = 0 and we have\; < .- 8Gg§"m) +'}/j‘,
j = ,J. By a symmetric argument we also havg > ni BGg’Z?“)) + 77": for
allj = 1 .., J. Condition 1 implies
5 (t)
Al a0 el w e e
L) _ A~ N = L|aFE™)| = na J= e
|aj - & | ‘ j| nll %‘ n
Thus, (3.28) is satisfied fgr = % > 0 and we can apply Theorem 3.2. ]

A.2.3 Proof of Proposition 3.4 from page 53

LetA; = F(@") - F(@"*'9) > 0 andd; = %&j"m) + v, |. From the proof of

Proposition 3.3 we hav; < %aj and\’ > %aj forallj =1,...,J.
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We first boundA ; in terms ofd; in both directions:

dG(H&Y + \H;)
0d;
1,...,J. Since the gradient does not change the sign for smalles stegm\*, holds
dG(H&" + \H;)

1. By condition 3 we hav + 79| — 05| < |, forall X andj =

74, + 75 > 05 —nu|Al forall [A] < A3
N oGHEY + AH;j) _ o
ItholdsA; > / B 2= + ;| dA forall [A;] < A% and with equality if
0
A =a — a9 Thus
Al T 2
Az [0 mar =il - i (A7)
* H * 1 0; 8?2 5?2 52
forall |A| < Aj.UsingA} > --9;, we may set);| = ;= and getd; > - — - = -

and therefor®); < /2A;n,.
2. Furthermore, by convexity holds; < A;0; and therefored; > /A;n, forall j =
1,...,J —in particular forj;.

Using both inequalities and assumption 1, we can bound fgr=all, ..., J:

3

% S V AM! > v5771 . (A8)
8]‘ - \/m o \/m
Hence/, we can apply Proposition 3.3 and conclude that (328ptisfied forg =

2
Vo
Vani!?

A.2.4 Proof of Theorem 3.5 from page 56

Let 8* be the solution set of (3.8) and
8" = conv{a'"™ |j=1,...,Jt=12 .}

We claim 8! is bounded. By the assumption on the finiteness of &he’s, the set
conv{a® | t = 1,2,...} is bounded. We therefore need to show that for any fite,

the vectora&(”l’j),j =1,...,.J are each finite. We consider loss functions of the form
G(o) = ZnNzl 9y, (0n), Whereg, (o) is strongly convex at finite. There are two cases:
g,, grows (1) in both directions to infinity, i.ey,, (£o0) = oc, and (2) it grows only

in one direction to infinity. The third case that it grows inither direction toooc cannot
happen, sincg,, is strongly convex.

(1) If & is finite, G(H &) is finite. Denote byH; the j-th column of H. A single step in one
directionj cannot be optimal at infinity, sincd; # 0 by assumption and s&/& and
thereforeG(H &) would be+oc. Thus, the infinite step cannot be optimal.
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Let
. +1 gy, (—00) =00
Yn =
-1 gy, (+00) =00
then dg.“l’j) can only be infinite, ifH;,y, > 0 foralln = 1,..., N. Otherwise the

objective would grow to infinity. Sincg,, is monotonically decreasing in directignoo,
any solutiona™ does not get worse when increasiipto infinity. Thus there must exist a
infinite solution, which is a contradiction to the assumptio

Since this holds for any finité&, it also holds for any limit point o{d(”} and any solution.
We can therefore conclude thgftis bounded. Then holds condition 2 of Proposition 3.3.
Each elemenfd,,; of H is finite. Thus the se8° = {Ha | & € 8"} is bounded.
SinceG is strongly convex o18° and||V2G(o)|| is bounded by assumption, condition 3

of Proposition 3.3 is satisfied.
By Definition 3.5 and using the complementation closeness afe may apply Proposi-
tion 3.3 or Proposition 3.4 and can conclude that the se@ﬁaﬁcﬁ(t), ... satisfies (3.28).
SinceG is strongly convex oi8*, the Hessiav? G(H &™) is a strictly positive matrix
forall @* € 8*. Thus, we can apply Theorems 3.2 & 3.3 and have proven thegheon

A.2.5 Proof of Corollary 3.1 from page 56

We first need to show that the loss functions of AdaBoost, stiggregression and LS-
Boost are strongly convex on any bounded suBgetf RV and fulfill the conditions in
Theorem 3.2: The loss functions can be writtenGd®) = ZnNzl 9(yn, on). Therefore,
the HessiarVv? G(o) is diagonal with elementg%g(yn,on), n = 1,...,N. Since the
second derivatives of the one dimensional functions (cftiSe 3.1.3) can each be lower
bounded by a positive constant on a bounded subdgtedch element of the diagonal and
therefore each eigenvalue is bounded away féoithis implies the strong convexity &f.
Using similar arguments one can also uniformly upper bdiid G(o)]|.

Thus, we can fulfill the conditions of Theorem 3.5. |

A.3 Proofs from Chapter 4

A.3.1 Proof of Proposition 4.3 from page 70

By Figure 4.4, one can conclude that is never changed for any local movements of a
point &,, satisfying¢,, > 0. Moreover it easily seen thaf, does not change (it will still
be at the upper bounty (vN)) [cf. Smola et al., 1999]. To show thét" is not changing,
consider the dual optimization problem of (4.12) [Ratsald &/armuth, 2000, Problem
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L3]:

min 0%

d,y

with UTd <91
d>0,"N d, =1,

dp < 5 foraln=1,...,N

(A.9)

whereU is as defined in Section 1.3.3 (cf. (1.21)). We first proofestagnt 1a. Consider
the sefy C {1,..., J} of indicesj, where the constrainl/;,d*) = (H; xy,d*) < v is
satisfied as equality(denotes the Hadamard product). If the movementis perpeladio
all coordinateg € 7, there is no change ilfzy(mn) forall 7 € J. If the step is small enough,
then no other constraint becomes active (there are justta finmber of constraints). Thus
the original solution is still valid. This proves stateméat

To prove statement 1b, consider the a translation in doed: letx,, = &, +¢cA be the
translated point{ € R), U = [y1&1,...,yn@n] andU = [y1&1, ..., ynFn, ..., ynEn].
Then we have(T7;, d*) = (U;,d*) + ey2d’, = (U;,d*) + ed?. If € is small enough (but
positive) the optimadl does not change, just changes byd;,. Thus the dual objective is
changed by-%;. We claim that the primal variablegs® andp* are still optimal after moving
Z,. Since only thes-th row in U is changed, only¥,, changes. Sincgé\’:1 a; = 1, the
total change after movementise. Thus the primal objective changes B:. Since, both
the primal and dual objective have change by the same amadriha construction is still
feasible in both domains, they are optimal. This prove®stant 1b.

Note that both arguments can be applied independently andléim holds for any
combination of both translations. This proves the lastela statement 1.

Now we prove statement 2 following the lines of reasoninghie proof of Proposi-
tion 5.1. By assumption we ha¥g > 0, i.e.y, fa(x,) < p. Changing the class mem-
bership of a point, i.ey!, = —y,, does not change the statusigf as being a point inside
the margin area. By optimality of the old solution holgsfs () = p — &, All we have
to show that by changing, into &), = &, + 2y, fa(xy,) and keeping all the other vari-
ables and therefore also the estimg@tanchanged, we obtain an optimal solution again.
By construction the new set of variables for the modified probis still feasible and the
same constraints are active as in the initial solution. Ikirtae gradients in both the ob-
jective function and the constraint with respect to eaclialde remain unchanged since
&, only appears in a linear fashion and all other variables didchange at all. Thus the
new solution is optimal again, leading to the same estimatg,as before. This proves
statement 2. [

A.3.2 Proof of Proposition 4.4 from page 75

We prove the convergence of Algorithm 4.7 with the modificatdescribed on page 75
(which we refer to as Algorithm 4.7’) to the minimum of

J
Flfal=G(H&)+C> a; with & >0. (A.10)
j=1
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We start with:
LemmaA.3. LetC, S, G, H be asin Proposition 4.4. Then any solution to (A.10) is finite

Proof Suppose there would exists an infinite solut@fY, then the objective of (A.10)
must be+oo (we assumed > 0). Since the labelg,,, n = 1,..., N, are finite, alsdz(0)
is finite. Furthermoregx = 0 is feasible andx™ cannot be optimal. ]

By the same arguments we can also conclude thattfseeomputed in Algorithm 4.7’ and
the dgt’j) 's as in Theorem 3.2 are bounded. Therefore, the eigenvafutbe Hessian are
lower bounded in the region of interest.

Extending the results of Section 3.3 for the GS scheme, we tie/following result for
coordinate descent on the positive quadrant:

Proposition A.1 (GS scheme o], Ratsch et al. [2002]).Let8 = R{ := {& | 0 <
« E R’} and8® be a convex subset 8f Then a coordinate selectign, j», . . . starting at
& satisfies condition (3.28) of Theorem 3 2 for all iteratiansvhere (i) condltlons 2-3
of Proposition 3.3 hold, (||)m (&) > L ‘” 2) ‘ and (i) the selection satisfies € J; as
well as the following mequallty

dF(aV)

Bozjt

dF(a)

aj

(A.11)

> fmax

JEJ¢
for some fixed € (0, 1], where

(1)
th{j (%w) v (a§”>0)}.

Sketch of Proof. The only difference to Proposition 3.3 is the additional stosinta >

0. Thus, there can exist a dimensipwith strictly positive gradienthat is already optimal.
We therefore must only take the positive gradients of thasdficients into account that
are strictly positive (and therefore have been selecteorbef since we start &). Thus, in
Proposition 3.3 we restrict the indices in (A.11) and cafofetthe proof of Proposition 3.3.
However, |fa( )<« L BFT thena(t“) = 0 and (3.28) might not be satisfied. But this

Nu
case is excluded by assumptlon (ii). For more details segcR&t al. [2002]. ]

Proposition A.2 (Ml scheme onR?]). LetS = R] and8’ be a convex subset 8f Then
a coordinate selectiof , j, . . . starting até" satlsfles (3. 28) for all iterations where (i)
conditions 2—-3 of Proposition 3.3 hold, (m)jf) > nlu 7)‘ and (iii) the selectiony;
satisfies

Fa) -~ F@9) > 5 max (F@")-F@9))  (A12)
J=1,...,

for some fixed € (0, 1].

Proof We follow the proof of Proposition 3.4. From the proof of Posjiion 3.3 we have
A} < %aj forallj =1,...,J. The property\; > n—luaj may not hold anymore, since one
may hit the constraini; > 0. Item 1 in the proof of Proposition 3.4 holds also in our case
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if A} > LB- whereas item 2 holds anyway.
We have by assumptiokt, >t -, Hencelj, > 5 % by the first inequality (cf. item 1
for j;). By item 2 holdsA; < A} 6 and thereforeﬁ < =L for allj =1,...,J. Let]

suchthat\}, < -=. Then by (A.7) holds;: <
Hence,

)\}(t > Ajtaj’ > A]‘“/Aj/m _ w/Ajﬂ?l 1/(577
)\;'/ B 28thj’ B 2Aj/ \/ZAjtT}u 2\/2A]‘r7’]u 2\/277u
for all j'. For all other indices (A.8) holds. Hence, we can conclua ¢B.28) is satisfied
3/2
forﬂ:m1n< 5%,\/3#). ]

Using the same arguments as in Lemma A.3, one can show thasettpgences
{a®Yy, ... {a®}, t =1,2,.. ., stay bounded. One may therefore define the bounded
convex sel® = conv{Ha' £d) \ j=1,...,J;t =1,2,...}. Thus, using tha€ is as-
sumed to be strongly convex @, conditions 2—3 are satisfied.

Using the assumption on the base learning algorithm, we pply &roposition A.1 or
Proposition A.2, respectively. Theorem 3.3 bounds the r@ssyin the objective function
in each individual iteration (and at any finite starting gdinThus, if we can find a
subsequence, o, . . . of iterations in which (3.28) is satisfied, the algorithm cerges
to the optimal solution.

By Proposition A.1 and Proposition A.2 oj“ > 1 ‘ ‘ then (3.28) is satisfied

for g = M and (3.30) guarantees the progress The maxrmal numberbsequent

iterations where this condition is not satisfied is boundgd/bsince thery; t“) = 0.
Hence, at least every-th iteration applies (3.30). This proves the linear cogeelce in
the sense of [Luenberger, 1984, p. 128] [see also Luo andjT 4692, p. 26]. ]

A.3.3 Proof of Theorem 4.3 from page 76

Lemma A.4. While running Algorithm 4.7 using a-optimal base learner, the barrier
parameters is decreased only if > 0(6)||Va>0 Fg ||c-

Proof One can exploit thé-optimality of the base learner to upper-bound the gradient
IVa>o0 F3 ||~ atthe currentiterate. If the base learner returns a hypithe= £(S, d),
then by Definition 3.5 there does not exist another hyposheih an edge larger than by
afactor ofd ! and\/2n,, (1;6) '/ (cf. (A.8)), respectively.

If the wrapper selects an hypothesis, there exists no hggatvith smaller edge, except
those which are already at the boundary (fi¢.= 0). Combining both facts yields that
there exists not other dimension with gradient larger thé ') ZnN:1 dgf)ht(mn) -C

as computed in step 3h. The lemma directly follows by the ¢mrdstep 3h. ]

If 5 > 0, the barrier functior¥ s is strictly convex at any finite point. Hence, we can
apply Proposition 4.4. By Proposition B.1, one knows that aocumulation point of a
sequencda '}, satisfying||Va>o0 F, (& ®))||oc — 0for 8; — 0is a global solution of
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(4.17). By Lemma A.4 we have thatis decreased only if > 0(0)||Vas>o Fg(&)||o. If
S is not decreased, the gradient will be reduced in a finite rerrobiterations such that

O0(0)[Vaso Fa(@)]lw < 8. ThusB — 0 andlim inf o [|Vaso F5(6)]lw = 0.

To show thatlim;_, ||Va>o0 Fs(&)||« exists and is zero, consider reducifigoy a
factore, i.e.next (3) = cf. We claim that the gradierWV4 >0 Fg(a) at the newp is
bounded in terms of the gradient of the gldif 5 is small enough. Consider the gradient
with respect to a variable that is not at the bound or has neggtadient. Then its sub-
gradientis given as in (3.31):

0@ _ g Zyn () = O Zyn ) (1+ exp{ (o fa(@a) = 1)/8}) "

8a]
Furthermore, we have the following by Taylor expansion:

1 _ 1 aexp(a/pB)

1+exp(a/(B+A) 1+ exp(a/B) (1+exp(a/6))2ﬂ2A+O(A ). (A.13)

Thus, for small enoughl, when reducing by a factor ofc we have thatlgf) is changing
only little

1
TTexp(an/B) On >0

1/2 a, =0
exp(an/f) an <0

4D x dlP) 4 A OXP(@/B) ey C1ln
B (14 exp(an/B))

wherec; = 1 — ¢ anda,, = y,fa(x,) — 1. Sinceexp(—|a,|/F) decreases much faster
thans—t, we have for small enough < |a,|: d'® ~ d? . Thus, asymptotically, if the
gradientis smalp, it is also forc/3. We can conclude théitm; . [|Va>o0 Fa(@)|[« = 0.

[

For simplicity, we did not defin&’ 4 >0 F3(&) exactly (cf. footnote 11 on page 36). It
can in fact be done, by continuirly; for negativea’s and using the;-norm instead of
the linear term. This leads to a non-differentiable but gardus function. Proposition B.1
also holds for this case. Then one needs to use sub-gradients

A.4  Proofs from Chapter 5
A.4.1 Proof of Proposition 5.1 from page 92

Shiftingy,, locally intoy,, does not change the status(ef,, y,,) as being a point outside

the tube. First assume without loss of generdlthat¢, > 0, i.e.y, < f(x,) —e. All

we have to show that by changigg into &, = &, + (v, — y.,) and keeping all the other

variables and therefore also the estimatenchanged, we obtain an optimal solution again.
By construction the new set of variables for the modified feobis still feasible and

2. The case of;; > 0 works in the same way, just with opposite signs.
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the same constraints are active as in the initial solutiomalfy the gradients in both the
objective function and the constraint with respect to eafable remain unchanged since
&, only appears in a linear fashion and all other variables didchange at all. Thus the
new solution is optimal again, leading to the same estimiafeas before.

Obviously, ify,, moved locally for a point inside the tube, it will keep beimghe tube.
Thus, also after moving the target the corresponding slackable will be zero and the
constraint will still be inactive. Hence, the old soluti@nstill optimal. ]

A.4.2  Proof of Proposition 5.2 from page 93

Ad (i): Imagine increasing starting from0. The second term el SN (¢ +&5) +ve
will increase proportionally ta, while the first term will decrease proportionally to the
fraction of points outside of the tube. Heneewill grow as long as the latter function is
larger tharv. At the optimum, it therefore must be v.

Ad (ii): Next, imagine decreasing starting from some large value. Again, the change
in the second term is proportional tg but this time, the change in the first term is
proportional to the fraction of points not inside the tubeefe points on the edge will
contribute). Hences will shrink as long as the fraction of such points is smallearty,
eventually leading the stated claim.

Ad (iii): The strategy of proof is to show that asymptotically, thebatality of a point
lying onthe edge of the tube vanishes. The continuity of the cormitidistributionP (y |x)
implies that for allf, and allt € R,

lim, P(|f(x) =y + 1 <7) =0.

Since the hypothesis space is finite, the regression estiryidtas well-behaved covering
numbers (e.g. Williamson et al. [1998]), we get uniform cemgence, so for aly > 0,

sup [P(If () =y +t] <7) = Pel|f(2) —y +t] <)l
converges to zero in probability, whef® is the sample-based estimate/@f(that is, the
proportion of points witH f (z) — y + ¢| < ). But then for all& > 0,

lim lim P(sup P(|f(z) —y +t| <) >a) =0.

v—0 {— 00 feF
Hence sup; Py(|f(x) — y + t| = 0) converges to zero in probability. Thus, the fraction

of points with a fixed distance(in particular,t = +¢) to f almost surely converges
Combining (i) and (ii) then shows that both fractions cogesalmost surely to.
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A.4.3 Proof of Proposition 5.3 from page 95

The dual problem of (5.5) with (5.13) (in short (5.5)) is:

max C Z P! (k;/C) + Z g.(dn)

with HTd =K (A.14)
d1 =0
k€ER/,deRV,

whereP’ (-) is the nonnegative and strictly convex conjugate functidB4(-) (cf. (5.19)).
This is seen by a straightforward extension of Appendix &.4.

Lemma A.5. It holds
ki#0 = a;#0, for j=1,...,J (A.15)

Proof Suppose (A.15) does not hold for sonie. Assumer;+ # 0, thenﬁ]+(mn) #
const. Let & be the solution to (5.5) Wltlzm*+ = 0, i.e. thej*-th constraint in (A.14)
is not active. Then there must exist a sut&e:tz {j',...,4"*} of the set of all indices
corresponding to active constraints, such that the cansdrandexed byj imply H]T+d =
k;+ for any feasibled. Let H;; = 1, denoting the last equality constraint in (A.14)
which corresponds to the primal varialdlén (5.5). Hence

Hj =Y BiH;, j€d, (A.16)
JjE€d
for someg; > 0, 5 € g (by complementation closeness). Otherwise the dual cavot

optimal. Sinceh, j+(xn) # const, it holdsg # {J + 1}. Note, the constralntHTd = Kj,
J € J are active, i.eq; # 0forj € J. Let

forj =5+
—sp; forjed withseR

&; =a;  otherwise

en
+
Il
Q>
B
Q>
)
m
=
<
jo)
)
I
2 =

By (A.16), H(a* — &) = 0 for @™ € 8* holds. Thus the second term in the objective
of (5.5) is not changed for any™ € §*. Consider the subproblem

J
i (&
drPEung 2 P’(4;). (A.17)
The optimal solutiond™ of (5.5) must also be optimal for (A.17), because all elerment
from § are admissible. SincB’, j = 1,...,.J are differentiable and strictly convex the
derivatives are continuous and strlctly mcreasmg S|Bé(30) = 0 andP’(z) > 0 for
z # 0 holds: ap 8P’ (z) = 0. By continuity of —-= 9P'(2) and for small enoughk > 0,

simultaneously reducmgj bysB;,jed\{J+1}, reduces the regularization term more
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than it increases by increasiraigJr by s. Thusa;+ = 0 cannot be optimal in (A.17) and
therefore also not optimal in (5.5). This proves Lemma A.5. ]

We are now going to upper bound the number of zero entries and &. Assume
d # 0 andH is of full row-rank, otherwisey, = 1 and the statement of Proposition 5.3
is trivially fulfilled. If d = 0, thenk = 0 and the dual objective is zero singe(0) =
min. g(z) = g(0) = 0 (cf. (5.20)). Thus by Lemma 5.3 the primal objective is zend a
thereforear™ = 0, which we have excluded by assumption.

Let I be the largest subset of indices of columnglgfsuch that the resulting sub-matrix
HyhasrankV — 1. LetI¢ = {1,...,J}\ I. For any vectod # 0, the vecton = H'd
must have at lea$f | non-zero entries, sincE is minimal. This can be seen as follows:
ForanyA € R7*N | the systendd = 0 can only be fulfilled if and only if4 is not of full
rank. By Lemma A.5/¢ is also the smallest number of non-zero entrie&irTherefore,
|I] is the largest number of zero entriesdn

The probability that a random sample of columns (with reptaent) of size/ does not
have full rank is

po = P(rg(Hs) < N) = P(rg(Hs) < N,I°NS #0) + P(rg(Hs) < N,I°'N S = )
> P(rg(Hs) < N,I°N S =)
=P(I°NS=0)=1-|I|/])”,

whereS is the randomly chosen subset{df, ..., J}. Thus, 2l < {/po. This proves the
proposition. ]

A.4.4  Proof of Proposition 5.4 from page 95

If J < N, Proposition 5.4 is trivially true. Assumg > N. Supposex” is a local
minimizer of (5.5) and has\/ > N nonzero entries. We are going to construct an
vectora" that uses one hypothesis less and has a lower or the saméabjedue. This
argumentation applies as long &6 > N and, hence, shows that there exists a solution
that uses at mosY hypotheses.

Let J be the set of indices such thaf > 0 for all j € J. With A/ > N, there exists a
subseyt C J with at least two elements such that for € J* holds:

Hyp= Y Bl H (A.18)
JEITN{T}
for someﬂj+ € R. This is because there can only Nelinearly independent components.
If one reducesi}, by says > 0, one can find an updat such thati (&* — at) = 0,
whereat = &* + A. The update can be computed using (A.18); = sﬁf for
j€d"\{jt}andA;+ = —s. Let us consider the difference of the objective function
in (5.5) for some smalk > 0 and any fixedjt € J*. The second parE g(&,) does

not change, sincél (&* — &) = 0. Using (5.13) and the concavenessR)’f for all
j=1,...,J, the first term is a concave functi@is) in s, which is properly defined on
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an interval (includings = 0) such thati; > 0 for all j € J*. Sinced is concave, there
must be a minimum on the edge of the interval. Hence, thestsana ™, such that the
first term in (5.5) does not become larger. Alsog s strictly concave, then a minimizer
has to be on the edge and cannot be optimal. This argumentation applies for ghgnd
shows that the new poirit ™ is sparser and not worse in the regularization term #han
]

Note that the above-construct@d might not be the optimal choice. There might be one
particular;j* that leads to the largest improvement — but here it is suffidie show that
there is a vector that is sparser tha, it is feasible and has no larger objective function
value. Finally note that this also holdgif = 0, since the constant zero function is concave.

A.4.5 Proof of Corollary 5.1 from page 101

For the pointz = 0 holdS —dmaxy < 2 < dmax and (hp(X),2) = 0 < C for
C > 0 anddmax > 0.This proves the statement, .., > 0. Assumedmax =
lg'(IV]1h)] = |g'(—=]|[Y]]1)] = 0. Sinceg(0) = 0 andg is convex and non-negative,
we haveg'(z) = g(z) = 0for z € [—||Y|1, ||Y][1]. Thus an optimal solution to (5.14) is
a=0,b=0and¢ =Y. Thus,Q(Dg) = Q(Dg(0)) = 0. This proves the statementm

A.4.6 Derivation of the dual Regression Problem with¢;-norm regularization
(page 98)

A.4.6.1 Primal Problem

Letg(-) be a continuously differential cost function.

N
min - OX7 65+ % g(E)
&,b,€ n=1

with y—b— 37 a;hj(x,) =& V¥n=1,...,N

0<acR/ beREeRV,

(A.19)

A.4.6.2 Lagrangian

Let H,; = hj(x,) andY = [y1,...,yn]".

J N
L=CY da;+> g)+d (Y —bl-Ha-¢) -~'a (A.20)
j=1 n=1
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with d € RY and0 < v € R’. Setting the derivatives to zero
oL

5 Cl—-H'd-~v=0 (A.21)

% =-1d=0 (A.22)

0 yie)-a=o a2
whereg' := di—i’”), yieldsH'd < C1 and)_, d, = 0 as linear constraints. Plugging in

(A.21) and (A.22):

J N
L=CY d;+ > gl -a'Hd+Y'd-d¢-~'a
j=1 n=1

N

=YTd+ ) g(én) — &ndn

n=1
From (A.23) we get,, = (g') " '(d,),n=1,...,N.Hence

N
L=Y"d+ Z g((g')fl(dn)) - dn(g/)il(dn):

n=1
whereg, (2) = 2(g') 7' (2) —g((g') "' (2)) is the conjugate function tg(-) and is concave,
if g(+) is convex.

N
L=Y"d=> g.(dn)

n=1

A.4.6.3 Dual Problem

Thus, the dual of (A.19) is:

max  YTd - 30, g.(dy)

with SN hy(@,)d, <C Vj=1,....J (A.24)

SN dy =0.

A.4.7 Proof of Lemma 5.2 from page 99

The first order optimality conditions for (5.18) gives; — gl (dy) — Y., d;h;j(x,) —b =
0, and thus for any optimad°Pt, &°",5°Pt must hold Y, [y, — faort pore (Tn)] =
>, 8L (doPh)]. A feasible solution for (5.14) i& = 0, b = 0 and¢ = Y. By optimality
of @' andb°Pt, holdsY", [yn — faert pert ()| < [|Y]]1 @and therefore alsdig||oc <
lalli < Y]]y with g, := g (d}P"). Since|g'(g,)| < max(g'([Y[l1),g"(=[[Y]]1))

for |g,| < ||Y|l1 (by convexity ofg) and g'(q,) — dort, we obtain [Pt <

n

max(g' ([[Y]l1), &' (=[[Y[l))- u
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A.4.8 Proof of Lemma 5.3 from page 99

Consider a linearly constraint nonlinear optimizationigem

min  f(x)

with = € XC RN
Ax <b
Bx =q

(A.25)

Proposition A.3 (e.g. Bertsekas [1995], page 437Assume that the problem (A.25) is
feasible and its optimal valug(x*) finite. Let alsof be convex oveR" and letX be
polyhedral. Then there exists at least one [set of] Lagramgstiplier[s] and there is no
duality gap.

We need to show that the assumptions in Lemma 5.3 imply thergst®ons in Proposi-
tion A.3. The problem (5.14) is always feasible (eag= 0,b = 0,£ = Y'). Furthermore,
the objective is bounded from below Byand upper bounded bzﬁzl g(yn). In the case
of (5.14)X = R and is therefore polyhedral. Thus we can apply Propositidghakd have
shown the strong duality of (5.14) and (5.18). ]

A.4.9 Proof of Corollary 5.2 from page 103

In Glashoff and Gustafson [1978], Glashoff [1979] one firusthe following:
Lemma A.6. Under the following assumptions

= P is a compact set; the functiong-) andv(-) are continuous ofP and
= there exists al € RY such that{u(p),d) < v(p) forall p € P,

the coneM . is closed.

By the assumptions on the finiteness @f and by Corollary 5.1, we can apply
Lemma 5.2 to show thatl,.x < oo (differentiability is given by transforming the
piecewise-linear function to a linear one, while addingiiddal constraints). Henc®
is a compact set. The functiomg-) andv(-) are obviously continuous (since they are lin-
ear). Furthermore, sinc@ > 0, there exists al (e.g.d = 0) such thatu(p),d) < C.
Hence, we can conclude by Lemma A.6, tiidk;; is closed. ThusQ2(Pr) = Q(Dg)
and primal minimum is attained. By, Theorem 5.5 (2) and by paatness of?, also the
dual minimum is attained. |

A.4.10 Proof of Theorem 5.7 from page 105

As (d®-+ d®:~) is bounded, a point of accumulation always exists. Withoss lof
generality assumd(®) := (d():+ d:-) — (d*,d~) =: d. Denote byH®) the set
of hypothesis that have been returned by the base learniithet-th iteration and by
&(H ")) the value of the objective at optimality. Lat(d) := maxpep(hyp, d, ). Note, M
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is continuous. Sincél® c H, holds®(H")) > &(H). Therefore, it suffices to show that
d is feasible, i.eM(d) < 0. Assume to the contrary, thdtis not feasible, i.eM(d) > 0.
We have byr, -optimality

M(d) = M(d") + [M(d) — M(@?)]
(A, hy)) + V() = M(dD))]

1 (
1(<d he) = {d, he)) + V() = M(dD)],

I/\ I/\

where we have usefi, h;) < 0 by construction and the monotonicity of . Sincer;
andM are continuous, the rhs. must go to zeral&$ — d. This is a contradiction. Hence
M(d) <0. =

A.4.11 Proof of Theorem 5.8 from page 107

As d) is bounded by Lemma 5.2, a point of accumulation always sax\Mthout loss
of generality assume(!) — d. SinceC' > 0 and the loss is symmetn((a ,bt)
stays bounded and there must exist an corresponding poixtafmulation(é, b) with
dp =g'(yn — f= ~(ar:n)) (cf. step 2b in Algorithm 5.9). By assumption the supporéait
finite. .

Since( ®) ,bt) is ap-minimizer of E; andg is strictly convex, there exists aptimal

a
solution(&'”, &) to (5.34), such that

\f;(t) ;T faw p,1 < O0(p1). (A.26)

Furthermoredn) = g'(Yn — fam bt(mn)) as in step 2b is the optimal dual solution in
iteration ¢ for (&, b,) (cf. Appendix A.4.6). Letd!) = g (yn — fr ) Sinceg’

is continuous by assumption and (A.26), holdét - dgf)\ < O(py)- Thus it holds
(dD,Be)) = (dD, 7)) < ymaxNO(r) = O(gy). Roughly speaking, ifo is small
enough, it does not change the dual variaklesastically and the hypothesis returned by
the base learner in iteratidgrfor non-optimald® can still be useful.

Denote byH® the set of hypothesis that have been returned by the basetaantil
the ¢-th iteration and by®(H*)) the value of the objective at optimality. L&t(d) :=
maxpep(hp, d, ). SinceH® ¢ H andg, is continuous, hold®(H®)) + O(¢,) > ®(H).
Sincey; — 0, it suffices to show thal is feasible, i.eM(d) < 0. Assume to the contrary,
thatd is not feasible, i.eM(&) > 0. We have byr, -optimality

(
[M(d) — M(dD)]
O(r)) + [M(d) = M(@?)),
where we have use(aﬂ, ht) < 0 sincep; — 0 and the monotonicity ofl_l. Sincer; and

M are continuous and¥) — d sincey; — 0, the rhs. must go to zero @!) — d. This
is a contradiction. Hencd((d) < 0. |
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Appendix B

B.1 Notation

Technical Addenda

The following table summarizes the notation that will bedugoughout this work:

Symbol Description First used in
n, N counter and number of examples Section 1.2.1
g, J counter and number of hypotheses if finite Section 1.3.1
t,T counter and number of iterations Section 1.3.1
X, s input space, dimensionality &f (if X C R?) Section 1.2.1
Y label space withY C R Section 1.2.1
T,Y, 2 a training example, the label and the pair Section 1.2.1
X,Y, S training data: input, targets, both Section 1.2.1
XY Random variables oX andY Section 1.2.1
E{X} expectation of a random variabte Section 1.2.1
P(A) probability of an eventd Section 1.2.1
p(x,y) probability density orX, Y Section 1.2.1
R[f] Expected risk of a functiorf Section 1.2.1
Remp f,S]  Empirical risk of a functionf on a sample S Section 1.2.1
F set of functions — usually set of linear combinationSection 1.2.1
of H
0 Vapnik-Chervonenkis dimension of a function seSection 1.2.2
(usuallyF)
€,0 Accuracy and Confidence parameter Section 1.2.2
H, izj set of base hypotheses, and an element Section 1.3.1
Un,j hypotheses margin matriX, ; = ynﬁj(mn) Section 1.3.3
H, hypotheses output matriéf,, ; = h;(z,,) Section 3.1.3
F a feature space Section 1.3.2
a hypothesis weight vector Section 1.3.1
fa an element of using the weightingx Section 1.3.1
d weighting on the training set Section 1.3.1
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Symbol Description First used in
w a weight vector for linear models Section 1.3.2
I(-) the indicator functionI (¢true) = 1 andI( false) = Section 1.3.1
0
Prns O the margin size of an example and of a hyperplane  Sectiof 1.3.
€ the tube size Section 5.1.3.2
v the quantile parameter Section 4.3
c the regularization (complexity) parameter Section 1.3.2
€ weighted classification error Section 1.3.1
Il the/,-norm,p = [1, o0] Section 1.3.3
() scalar product Section 1.3.2
k() scalar product in feature space Section 1.3.2
S a convex set (of feasible solutions) Section 2.5
domg effective domain of a convex functign[e.g. Rock- Section 3.3.2
afellar, 1970, page 23]
ri S relative interior of a se§ [e.g. Rockafellar, 1970, Section 5.3
Section 6]
rangeg range of a functiorg Section 3.4
Jé) the barrier parameter Section 2.3.2
L(..) base learner Section 1.2.2
R, Ry space of real numbers and non-negative real nur8ection 1.2.1
bers
PN N dimensional probability simplex Section 2.1
rg(A) rank of a matrixA Section 5.2.1
O asymptotic order Section 1.3.1
As(z,y) binary relative entropy Section 2.2
VG (x) gradient ofG evaluated at Section 3.1
V2G(x) Hessian of7 evaluated at Section 3.3.2
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B.2 Barrier Optimization

We briefly review some basic statements and formulations@arrier optimization tech-
nigques. For details see e.g. Frisch [1955], Bertsekas [[129&nberger [1984]. Consider
the convex optimization problem

min  g(0) (B.1)

with  ¢,(0) >0, Vn=1...N

We callS§ the convex set of feasible solutions described by
§=1{0 :¢,(0) >0, Vn=1,...,N}. (B.2)

We assumeS is non-empty, i.e. there exists a feasible solution. If thection g(8) is
strictly convex, then the solution of problem (B.1) is urgqlf ¢(0) is convex only, there
exists a se8* of global solution®”. Note that from the convexity af(0) andS$ follows
that any local minimum is a global minimum as well.

Problem (B.1) can be solved by finding a sequence of (unangtminimizers of the
so called barrier (or penalty) error function

N
F5(0) = 9(0) + Y rs(ca(6)), (B.3)

wherekg is a barrier function an@g > 0 is a penalty parameter. Common choices for
ks can be found in Table B.2. Barrier algorithms use a suitablysen sequence @fs
that goes td). For eachs, (B.3) is minimized starting from thé@ found in the previous
iteration.

For the log-barrier and the entropic barrier the inifidias to be a feasible solutions. The
barrier function assures that the sequenc@'®torresponding to the decreasing sequence
of 3 values remain feasible. Thus the firél is approached from the “interior” of the
feasible region. Methods based on the log-barrier and thw@o barrier are therefore
called interior point methods. Such methods are often usefihfding solutions for SVMs.

Table B.2 Common barrier functions used in convex optimization

ka(t) Name References
—Blogt Log-Barrier Bertsekas [1995], Frisch [1955], Luenberger [1984]
—ftlogt Entropic Barrier | Bertsekas [1995], Luenberger [1984]
Bexp(—t/B) | Exp-Barrier Cominetti and Dussault [1994], Kort and Bertsekas [1973]

In the case of thexp-barrier, the initial solution does not have to be feasil@erinetti
and Dussault, 1994]. For thewp-barrier the minimizers oF (@) will become feasible
automatically, wher$ becomes small enough. If a constraint is violated then tilidead
to an exponential growth in the barrier objective (B.3). Be barrier has the effect that it
keepd in the feasible region or pulls it closer to a feasible solnti
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Besides an intuitive reasoning for the barrier functionwaging to an optimal solution
of (B.1) the following presents some more formal aspectsusalefine

05 := argminF(0) (B.4)
0

as the optimal solution for some fixgd Moreover, let9* be the set of global solutions of
(B.1). Then for any barrier function and any sequefices 0 holds:

lim 0, € © (B.5)

However, for theexp-barrier it it turns out to be unnecessaryexactlyminimizeF 3, for
eachp,. For other barrier functions there exist similar resulteeTollowing proposition
shows how close an estima#é’ to 63, has to be, in order to achieve convergence:

Proposition B.1 (along the lines of Cominetti and Dussault1994]). Assumegy ande¢,
are continuous convex functions. &t be and; > 0 minimizer of

N
F5.(0) = 9(0) + B Y _ exp(—ca(6)/8y), (B.6)

i.e.||Ve Fjg, 6)|| < 6, (for non-differentiable functions one has to use sub-gzat).
Then, fors,, 3, =3 0 every limit point of{ 8}, is a global solution to (B.1).

In the sequel we will often use a simpler version of ProposiB.1, where we us¢ = 3,
and requird| Vs F5, (0| < 5.

B.3 Another proof for Arc-GV

Breiman [1999] proposed the idea to adaptively gets the achieved margin of the
previous iteration, i.e.

or=_min pn(a'""). (B.7)
This lead to an algorithm called Arc-G\A(cing-GameValue). Assuming that the base
learning algorithm always returns a hypothesis withldrgestedge among all hypotheses
(calledweighted minimization it has been shown that Arc-GV asymptotically generates a
hypothesis maximizing the margin, i.e.:

Proposition B.2 (Breiman [1999], Theorem 9.2).Suppose the maximum achievable
margin of a linear combination of hypotheses fréiris p* (cf. Section 1.3.3). Assume
the base learning algorithm returns in each iteratiora hypothesis witHargest edge
Then Algorithm 2.2 witly adaptively chosen according to (B.7) converges to a conabine
hypothesis with margip*.

The proof of Proposition B.2 is rather complicated. We tfene provide a much simpler
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proof for a slightly different choice of;:

0; = max (gt_l, min pn(at_1)> (B.8)
n=1 N

seeny

starting withg; = 0. Here{o;} is monotonically increasing. We have:

Proposition B.3. Suppose the maximum achievable margin of a linear comioimattf
hypotheses frontl is p* > 0 (cf. Section 1.3.3). Assume the base learning algorithm
returns in each iteratiort a hypothesis with edg&, > p*. Then Algorithm 2.2 withp
adaptively chosen according to (B.8) converges to a conshiitypothesis with margip*.

Proof By Theorem 2.1 and (B.8) we hawe < p*. By assumption hold$;, > p* and
thereforey; > p;. Thusa; > 0, where the equality only holdsif, = g;, i.e. wheng; = p*
(again by Theorem 2.1). Then the goal is achieved and theitdgomay stop.

Suppose the sequenge; } would converge to some valyé smaller tharp*. Lete > 0
andt¢ such thato; > p* — e for all t > t°. We can apply Lemma 2.3 and conclude
thathﬂ:1 &, 2% co. Therefore the firstc — 1 steps are not affecting the asymptotical
hypothesis. Hence we can adopt the proof Corollary 2.2 fer o* — e and conclude that
the combined hypothesis has asymptotically a margin ofaml@%“’*. Sincep* > p*
ande > 0 chosen arbitrarily, it leads to the contradictioh> o* for everyp* < p*. Thus
{0+} must converge tp*. |

Whereas Proposition B.2 seems to hold for finite hypothesgsanly (or with countable
many elements [Breiman, private communication]), ProjiamrsB.3 holds for any hypoth-
esis setdl. Furthermore, one can easily show that the algorithm udg)(has the PAC
boosting property (cf. Section 1.3.1).

For both algorithms above, it is difficult to show how fast timargin is maximized.
Therefore, we have proposed Marginal Boosting in Sectidrttzat achieves a margin of
at leastp* — ¢, € > 0, in a finite number of iterations.

B.4 A Note on Infinite Hypothesis Spaces for Marginal Boostig

In Chapter 2 we have implicitly assumed that the hypothgmse is finite. Here, we will
show that this assumption is (often) not necessary [cfséBand Warmuth, 2001]. If the
output of the hypotheses is discrete, the hypothesis spadtectively finite Demiriz et al.
[2001b], Ratsch et al. [2002]. Fanfinite hypothesis spaceSheorem 2.1 can be restated
in a weaker form as:

Theorem B.1 (Weak Min-Max).
N ~ ~
7* = mdin sup Z ynh(mn)dn > Sléltp n:min’Nyn Z dtht(mn) = Q*: (Bg)

1,...
he€H n=1 ' t:G4>0

whered € PV, & € P!"! with finite support. We call = v* — p* the “duality gap”.

In particular for anyd € PV: sup; .,y S0, ynh(2,)d, > ~* and for anyé € P/
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with finite supportming,—1, .~ y» Zt:dtm dtﬁt(wn) < o*.

In theory the duality gap exists. However, Theorem 2.2 anglofém 2.3 do not assume
finite hypothesis spaces and show that the margin will cgyevarbitrarily close t@*, as
long as the base learning algorithm can retarsingle hypothesis that has an edge not
smaller thamp*.

In other words, the duality gap may result from the fact thetstup on the left side
can not be replaced bymax, i.e. there might not exists ginglehypothesish with edge
larger or equal t@*. By assuming that the base learner is always able to pick gnodgh
hypothesesX o*) one automatically gets that= 0 (by Theorem 2.3).

Under certain conditions of/ this maximum always exists and strong duality holds
(see Section 5.3 and e.g. Ratsch et al. [2002], Hettich amthKek [1993] for details):

Theorem B.2 (Strong Min-Max). If {[A(z1),...,h(zx)]T | h € H} is compact, then
r=o.

In general this requirement can be fulfilled by base learmilggrithms whose outputs
continuously depend on the distributieh Furthermore, the outputs of the hypotheses
need to be bounded (cf. step 3a in Algorithm 2.2). The firstiegnent might be a prob-
lem with base learning algorithms such as some variants dbid& stumps or decision
trees. However, there is a simple trick to avoid this probl&uoughly speaking, at each
point with discontinuityﬂ, one adds all hypotheses to H that are limit point£ 0§, d*),
where{d*}2, is an arbitrary sequence convergingt@nd. (S, d) denotes the hypoth-
esis returned by the base learning algorithm for weightngnd training samplé&' (cf.
Chapter 5 for more details).

B.5 Bounds with Compression Schemes

The idea of compression schemes has been introduced iedtittie and Warmuth [1986].
Itis quite different from the ones presented in Section2+2.2.3. Here one is not required
to know the VC dimension of the function cladssbut assumes that the algorithm uses only
a few examples to determine the functipre F and given only these examples it returns
the same function as on the complete training set. It thezefompressethe sample to

a smaller subset. See Floyd and Warmuth [1995] for connestietween VC dimension
and the minimal size of the compression set.

To define compression schemes more formally, we mainlyiolterbrich [2001] [see
also Littlestone and Warmuth, 1986, Floyd and Warmuth, 198%/en an input space
X, a finite output spac& and a function spac€ with functionsf : X — Y. Let
Z = X x Y andZ" be the set of all training sets of sizZ& sampled fromPx y.
Furthermore, lel, C N’ be the set of all ordered index vectors of size exagtly N,
ie.l, ={(i1,...,ig) € N |1 <4y <...<i,}. Acompression schen{€,,R,) of size
g consists of a compression functi@y : U%ZQZN — I, and a reconstruction function
Ry - U;’\?:qZN x I, — F. The reconstruction function is required to use only theeiredt]
training samples, i.e.

YN >q: VS eZN: Vie I, : Ry(Z,i) = Ry((2iys---.2i,), (L,...,0)).
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The algorithm& U%ZQZN — F is said to be a compression scheme of gizéand
only if for any training sample5 € Z* there exists a compression functi@p and a
reconstruction functiofR, whose composition yields the same hypothesi8 &), i.e.

VS € ZN 1 36, R, £(S) = Ry(S,Cy(S))

Assume the learning algorithm produces a functipne F that is consistent with
the training set, then we have the following [Littlestoned alvarmuth, 1986, Floyd and
Warmuth, 1995, Herbrich, 2001]:

Theorem B.3 (PAC Compression Bound).Suppose we are given a fixed learning algo-
rithm £ : U_,Z" — F, which is a compression scheme. For any probability measure
Px vy and anys € [0, 1], with probability at least — ¢ over the random draw of the training
sampleS € ZN: If Remp[L(S),S] = 0 andL(S) corresponds to a compression scheme
of sizeq, the expected riskR[L(S)] is bounded from above by

(108 () +1oms() + 10, (5) ) (.20

This bound is very similar to the one in Theorem 1.3. Howetleare is one important
difference. In Theorem B.3 the numberpbf examples is not known a-priori but depends
on the training sampl§, whereas the VC dimension in Theorem 1.2 is fixed beforehand.

Note that this bound is already non-trivial, if the samflef size N is compressed to
a subset of abou¥/2. For instance, if a sample of si280 is compressed to a subset of
10 examples and the hypothesis is consistent, the expéaskeis smaller thar25% with
probability95%.

1
RIL(9)] < 5

The compression idea can also be applied for regressiog @iernoff bounding. Fix
q € {1,..., N}, ahypothesis spade= {f | f : X — Y and a learning algorithm

LU, ZN - F (B.11)

For any measuré’ v, such thatP(]Y| < A;) = 1, the probability thatV examples
S € Z" drawn i.i.d. according td%_y contain a subsef, € Z9 of exactlyq examples,
and the regression functidi(S) satisfiesP (] f(X)| < A,) = 1, and has an expected risk
RIL(S)] larger than

—Remp[f] + €

N _262(N —d)?
()= (F55), ©12

whereg,,,.. = max|,, <A, max|,, <a, &(y1,y2). The proof mainly follows Littlestone
and Warmuth [1986] and is omitted here.

The above result can be used to obtain a similar bound as ior&heB.3 using a strategy
found in Herbrich [2001]. Fixg € {1,..., N} and a learning algorithri as in (B.11),

is less than
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which is a compression scheme of sizelLet P, = Pxxy be any probability measure,
such thatP(]Y| < A;) = 1. Given aN-sampleS drawn i.i.d. according td’;. Assume
L returns a regression functiof = £(S) with P(|f(X)| < As) = 1. Then holds with
probability1 — 4:

For space limitations we have to omit the proof here, howeves straightforward to
adapt the ideas on proving compressions bounds for clegsiiicas presented in Herbrich
[2001]. One may use the stratification as in Herbrich et &0} to leavey unspecified a
priori, which leads to a practical bound for regression.

When computing (B.13) for different sample sizes and cosgion sizes, one finds that
one obtains non-trivial results for a fraction of used ex@spess than about %.

B.6 Examples for Base Learning Algorithms

In this section we briefly look at some base learners thatdcbealused together with the
classification and regression algorithms proposed in tligkwVhich of them should be
used for solving a certain problem depends of course on thtegrm at hand. It is important
to note that our approach is general enough to use speddligeothesis classes designed
for particular problems, such that either the performanche interpretability is as good
as desired.

B.6.1 RBF nets with adaptive centers

The RBF nets used in the experiments are an extension of ttieochef [Moody and
Darken, 1989], since centers and variances are also adaptedlso Bishop, 1995, Muller
et al., 1999]. The output of the network is computed as a fisaperposition ofX’ basis
functions

K
fl@) =" wigr(), (B.14)
k=1
wherewy, k = 1,..., K, denotes the weights of the output layer. The Gaussian basis
functionsg,, are defined as
[l — gl
gr(x) = exp <_27‘7i ; (B.15)

wherep,, ando; denote means and variances, respectively. In a first stepnéangu,,
are initialized with K-means clustering and the variancgare determined as the distance
betweery,, and the closest; (i # k,i € {1,..., K}). Then in the following steps we
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perform a gradient descent in the regularized error fumcfieeight decay)

1 D
E= §Z(yn—f($n))2+ﬂzwg- (B.16)
n=1 k=1
Taking the derivative of (B.16) with respect to RBF meapsand variances;, we obtain
0E & )
— = Tn) — Yn) =— f(xn), B.17
P, ;(ﬂ ) = n) g (@) (8.17)
with %f(mn) = W mng_i'uk 9k (mn) and
0E & 0
a_ = n) —Yn) 7 n)s B.1
For Z:j (f(@n) = yn) 5~ F(@n) (B.18)

with %f(mn) = wg ng(mn). These two derivatives are employed in the min-
imization of (B.16) by a conjugate gradient descent witte Isearch, where we always
compute the optimal output weights in every evaluation ef ¢iror function during the
line search. The optimal output weights = [w:,...,wk]" in matrix notation can be
computed in closed form by

-1
w = (GTG+ 2%1) GTy, where G = gi(ax,) (B.19)
andY = [y1,...,yn]" denotes the output vector, ah@n identity matrix. Foi = 0, this

corresponds to the calculation of a pseudo-inversg.of

So, we simultaneously adjust the output weights and the RIBEecs and variances (see
Algorithm B.11 for pseudo-code of this algorithm). In thisyy the network fine-tunes
itself to the data after the initial clustering step, yetcotirse, overfitting has to be avoided
by careful tuning of the regularization parameter, the nantdf centersd< and the number
of iterations [cf. Bishop, 1995]. In our experiments we awaised\ = 10~ % and up to
ten conjgate gradient iterations [e.g. Press et al., 1992].

B.6.2 Kernel functions
Suppose we wish to construct ensembles of functions thatgékes are linear combina-

tions of other functions (e.g. of kernel functions) usingficient~, i.e. functions of the
formk,(-) = k(xz,,-):

N
h(x) = Z Yok(xn, ), v ERN. (B.20)
n=1

The set{h”} is an infinite hypothesis set and is unboundedy ifs unbounded. So,
one has to restricy — here we consider bounding tlig-norm of v by some constant,
e.g.H:={hY|||7|l: £ 1,4 € RV}. Then the problem (5.32) (far(x) = ) has a closed
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Algorithm B.11  The RBF net algorithm [Muller et al., 1999]
1. Input: Training sample S = {(x1,y1),...,(z~,y~)}, Number of RBF centers K,

Regularization constant A, Number of iterations O
2. Initialize: Run K-means clustering to find initial values for p,,
Determine o1,k = 1,..., K, as the distance between p, and the closest
i i # ).

3. Doforo=1,...,0,

(a) Compute optimal output weights w = (GTG +221) 7' GTY

(b) Compute gradients g’TEk and 5’72 as in (B.18) and (B.17) with optimal w and

form a gradient vector v

(c) Estimate the conjugate direction v with CG-Method as proposed in Press et al.
[1992]

(d) Perform a line search to find the minimizing step size ¢ in direction v; in each
evaluation of E recompute the optimal output weights w as in step (a)

(e) Update p,;, and o, with v and §
4. Output: Optimized RBF net

form solution: Letj* be the maximum absolute sum of the kernel values weighted by

N
Jj* = argmax Z dnk(x;,x,).
J=leoN oy
Then BY with v = [0,...,0,7,+,0,...,0] is a solution to (5.32), where;. =
sign (22’:1 dpk(x;«, x,) ). This means, if we “boost” linear combinations of kernel
functions bounded by thé -norm of +, then we will be adding in exactly one kernel
basis functiork(x;-, -) per iteration. The resulting problem will be exactly the saas if
we were optimizing a SVM regression LP [e.g. Smola et al., 9199 the first place. The
only difference is that we have now defined an algorithm fairojzing the function by
adding one kernel basis at a time. So while we posed this @nmobk a semi-infinite learn-
ing problem it is exactly equivalent to the finite SVM case vehthe set of hypotheses
being boosted is the individual kernel functideg,, x).
If the ~; were bounded using different norms then this would no lorizgetrue. We
would be adding functions that were the sum of many kernettions [Ratsch et al.,
2002, for using thé,-norm, see]. Then one may solve

v = argmin Y (dn — b7 (25))* = B (20)” + C' |3,

where we usélv||2 as a regularizer that effectively bounds thenorm of~ [e.g. Smola,
1998]. The problem has a simple solution; = 4 ZnN:1 dngr(xy,). This case is in
particular interesting when using neural networks whicdledirly combine several units for
the output layer.

Likewise, if we performed an active kernel strategy, whére $et of kernels is param-
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eterized over some set then the algorithm would change. \Wsider this problem in the
next section.

B.6.3 (Active) Kernel Functions

Now consider the case where we choose a set of basis fun¢tioninearly) parameter-
ized by some vectoy. In this case since the basis function is parameterizedaget of
continuous valuesy, we will have an infinite set of hypothesis. Say for examplewigh
to pick the a RBF kernel function with parametgrgthe center) and? (the variance),
i.e.vy = [u, o]. Then we choose the hypothesis functier{ dim (X))

A2
R0 () = _ exp <_M> , (B.21)

(2r62)/2 252

with parametersfi, 6) that maximize the correlation between weighdand the output, i.e.

N

(fr,6) = argmax E(u,0) where E(u,o0) := anh(”’”)(mn), (B.22)
Ky n=1

With reasonable assumptions, this is a bounded functidrigha p and all of the results

for the semi-infinite case hold.

There are several ways to efficiently fifgcands. The straight-forward way is to employ
some standard nonlinear optimization technique to maxan®22). However, for RBF
kernels as in (B.21) with fixed varianeé there is a fast and easy to implement EM-like
strategy [Bishop, 1995]. By setting, E(p,0) = 0, we getp = Zgil (nTy, Where
Gn = Zpnexp (’”%}"Hg) andZ is a normalization factor such thEQnN:1 ¢, = 1. By
this update, we are computing the weighted center of the ddteare the weights depend
onp. Note, for given vectog, one can compute (M-step) the optimal centeHoweverg
depends om and one has to iteratively recomput€E-step). The iteration can be stopped,
if ZnNzl go = 0 or u does not change anymore. As the objective function has hicaia,
one may start at a random position, e.g. at a random trairong.p

B.6.4 Classification Functions

Here we consider the case of using a linear combination skiflaation functions whose
output is+1 to form a regression function. An example of such an algorith the Tree-
Boost algorithm as in Friedman [1999]. For absolute erracfions, Tree-Boost constructs
a classification tree where the class of each point is takée thesign of the residual of
each point, i.e. points that are overestimated are assifeldss -1 and points that are
underestimated are assigned to class 1. A decision treenstracted, then based on a
projected gradient descent technique with an exact limeebe each point falling in a leaf
node is assigned the mean value of the dependent variablbe thining data falling at
that node. This corresponds to a differéntfor each node of the decision tree. So at each
iteration, the virtual number of hypotheses added in somseseorresponds to the number
of leaf nodes of the decision tree.
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Here we will take a more simplified view and consider one nogleigion trees where
the decision trees are linear combinations of the data.ifsgadly our decision function at
each node i (z, w,b) = sign((w, z) + b). Thus at each iteration of the algorithm we
want to

N
(,b) = argmax {Z d, sign((w, x,) + b)} (B.23)

w,b n=1

Note that there are only finitely many ways to lab€l points so this is a finite set
of hypotheses. There are infinitely many possi@le b) but any that produce the same
objective value are equivalent to the boosting algorithm.

The question is how to practically optimize such a problefea@y an upper bound on
the best possible value of the above equation is obtainedpyra, b) solution satisfying
sign(f(x,,w,b)) = sign(d,,). So in some sense, we can considersifga(d,,) to be the
desired class of,,. Now it frequently may not be possible to construct such. &ach
x,, that is misclassified will be penalized by exadt;|. Thus we can think ofd,,| as the
misclassification cost af,,. Given these classes, and misclassification weights, wasman
any weight sensitive classification algorithm to constaibpothesis.

In this study we used the following problem converted intofafn to constructf:

(i, b) = argmin SN ldalén

with  sign(dn)((w,zn) +b) >1— &, n=1,...,N (B.24)
lw|li <4, €£>0

whered > 0 becomes a parameter of the problem.

Some interesting facts about this formulation. The choit@ controls the capacity
of the base learners to fit the data. For a fixed choicg ofassification functions using a
relatively fixed number ofv; nonzero. So the user can determine based on experimentation
on the training data, howeffects the complexity of the base hypothesis. Then thernagr
fix 6 according to the desired complexity of the base hypotha#tistnatively, a weighted
variation ofv-SVMs [Scholkopf et al., 2000] could be used to dynamicalipose’.

Like in TreeBoost, we would like to allow each side of the &nelecision to have a
different weight. We describe the changes required to Algor 1 to allow this. At each
iteration, LP (B.24)) is solved to find a candidate hypotbhesi, 3). Then instead of adding
a single column to the restricted master LP (12), two coluamesadded. The first column
is hy, = I((w,x) + b > 0) and the second columnis_ = —I((w,x) +b < 0). The
algorithms stop if both of these hypotheses do not meet itexiergiven in the algorithm.
The algorithm should terminate ¥°, ., (z,) + h¢_ (z,)(d, — d};) < 2. We call this
variant of the algorithm CG-LP. This change has no effect@nconvergence properties.



