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Friedrich Miescher Laboratory, Max Planck Society, Spemannstr. 39, 72076 Tübingen
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Linear optimization problems (LPs) with a very large or even infinite number
of constraints frequently appear in many forms in machine learning. A linear
program with m constraints can be written as

min
x∈Pn

c>x

with a>j x ≤ bj ∀i = 1, . . . ,m,

where I assume for simplicity that the domain of x is the n dimensional proba-
bility simplex Pn. Optimization problems with an infinite number of constraints
of the form a>j x ≤ bj , for all j ∈ J , are called semi-infinite, when the index set J
has infinitely many elements, e.g. J = R. In the finite case the constraints can be
described by a matrix with m rows and n columns that can be used to directly
solve the LP. In semi-infinite linear programs (SILPs) the constraints are often
given in a functional form depending on j or implicitly defined, for instance by
the outcome of another algorithm.

In this work I consider several examples from machine learning where large
LPs need to be solved. An important case is boosting – a method for combining
classifiers in order to improve the accuracy (see [1] and references therein). The
most well-known instance is AdaBoost [2]. Under certain assumptions it finds
a separating hyperplane in an infinite dimensional feature space with a large
margin, which amounts to solving a semi-infinite linear program. The algorithms
that I will discuss to solve the SILPs have their roots in the AdaBoost algorithm.
The second problem is the one of learning to predict structured outputs, which
can be understood as a multi-class classification problem with a large number
of classes. Here, every class and example generate a constraint leading to a huge
optimization problem [3]. Such problems appear for instance in natural language
processing, speech recognition as well as gene structure prediction [4]. Finally,
I consider the case of learning the optimal convex combination of kernels for
support vector machines [5,6]. I show that it can be reduced to a semi-infinite
linear program [7] that is equivalent to a semi-definite programming formulation
proposed in [8].

I will review several methods to solve such optimization problems, while
mainly focusing on three algorithms related to boosting: LPBoost, AdaBoost∗

and TotalBoost. They work by iteratively selecting violated constraints while
refining the solution of the SILP. The selection of violated constraints is done
in a problem dependent manner: a so-called base learning algorithm is employed
in boosting, dynamic programming is applied for structured output learning
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and a single kernel support vector machine is used for multiple kernel learning.
The main difference between optimization strategies is how they determine in-
termediate solutions. The first and conceptually simplest algorithm is LPBoost
[9] and works by iteratively adding violated constraints to a restricted LP. The
algorithm is known to converge [10,11,12] under mild assumptions but no con-
vergence rates could be proven. The second algorithm, AdaBoost∗ [13], is closely
related to AdaBoost and works by multiplicatively updating the iterate based on
the violated constraint. It was shown that this algorithm solves the problem with
accuracy ε in at most d2 log(n)/ε2e iterations. However, it turns out that LP-
Boost, which does not come with an iteration bound, is considerably faster than
AdaBoost∗ in practice. We have therefore worked on a new algorithm, called
TotalBoost [14], that combines the advantages of both strategies: empirically it
is at least as fast as LPBoost and it comes with the same convergence rates as
AdaBoost∗.

References
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