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Convex Optimization

® Machine Learning as Numerical Optimization
® Unconstrained Optimization

o Gradient Descent
# Newton Method

® Constrained Optimization

® Some History

o Convex Functions and Convex Sets
o Common Problem Formulations

o KKT conditions

® http://www.stanford.edu/ boyd/cvxbook/
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Recall the SVM

1. How are examples represented?
2. How are labels represented?

3. What are the inputs to the SVM?
4. What does SVM training output?
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Recall the SVM

1. How are examples represented?
® By the kernel matrix K.

2. How are labels represented?
® By the label vector y.

3. What are the inputs to the SVM?
® Ky

4. What does SVM training output?
® o

Recall: Representer Theorem

Ka=y
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Motivation

Ka=y

Linear Algebra Golub and van Loan [1996]

® Gaussian Elimination

® LU Factorization

® QR Factorization

® Eigenvalue methods

® Lanczos methods

® Conjugate gradient methods




Variational Formulation

Motivation

Solve a scalar function instead of a matrix equation.
Objective
1
min iaTKOz —y'«

The gradient at optimality
Ka—y=0
gives the original problem.
Observations

® Second derivavtive of objective is K.

® [ is positive semidefinite hence the problem is con-
Vex.
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Gradient Descent

Gradient
For a multivariate function f : R" — R, define the gradi-
ent of f to be

- (.20,

Algorithm Scholkopf and Smola [2002]

For an intial value =, and precision &,

k=0

while ([|V f(zx)| = )
Compute g = V f(x})
Perform line search on f(z; — vg) for optimal ~
Ti+1 = T — g
k=k+1
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Newton Method (1)

Hessian
For a multivariate function f : R" — R,
0*f(x)
V2 f(x);; = o j=1,...,
f@h = giaer n
Motivation

The second order Taylor approximation f of f at z is

f(x +0) = f(x) + Vf(x) v+ %UTVQf(:IJ)v,

which is a convex quadratic function of v, with minimizer
v* = —Vif(x) 'V f(2).

Newton step
The vector v* above is called the Newton step for f at .
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Motivation
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(# 4+ Azge, f(z + Axye)) T
Algorithm
For an intial value =z, and precision ¢,
k=0

while (|V f(zx) > €)
Tpi1 = ap — V2if(x) 'V f(x)
k=k+1



Non-smooth functions

Motivation
Non differentiable functions f have to be treated care-
fully. For example the hinge loss

0(f(xi), i) = max{0,1 — y; f(x;) }.

i

Piecewise differentiable
For piecewise differentiable functions, we can treat each
piece individually, and then we can apply the above
methods.
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Constrained Optimization

min, fo(x)
subject to fi(x) < 0 for all
gj(x) =0 forall j

® ¢ € R"is the optimization variable

® f,:R" — R s the objective or cost function
® f,:R" — R are inequality constraint functions
® g, : R" — R are equality constraint functions
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Some History

Theory (Convex Analysis) ca. 1900-1970
Algorithms
® 1947: simplex algorithm for linear programming
(Dantzig)
® 1960s: early interior-point methods (Fiacco & Mc-
Cormick, Dikin, ...)
® 1970s: ellipsoid method and other subgradient meth-
ods

® 1980s: polynomial-time interior-point methods for lin-
ear programming (Karmarkar 1984)

® late 1980s-now: polynomial-time interior-point meth-
ods for nonlinear convex optimization (Nesterov & Ne-
mirovski 1994)
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Convex Set

line segment between z; and z,: all points
r=0x+ (1 —0)xs
with 0 < 6 < 1.

convex set : contains line segment between any two points
In the set

11,12 € C0LK<OILK I = z=0x;+ (1 —0)xy € C.

Examples (one convex, two non-convex sets)
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How to check

Use definition
To show that a set C is convex, show that € is obtained
from simple convex sets (where we establish convexity
by the definition).

Applying operations that preserve convexity

® intersection

® affine functions

® perspective functions

® linear-fractional functions
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Convex Function
f:R" — R is convex if the domain of f is a convex set and

S0z 4+ (1 = O)za) < Of (1) + (1 —0)f(22)
for all =1, z5 In the domain of f, 0 < 0 < 1.

affine: ax + b on R, for any a,b € R.

affine: a'z + bon R, forany a € R",b € R.
exponential: exp® for any a € R.

powers: z*on R, ., fora > 10ora <0.

powers of absolute value: |z|* on R, for a > 1.
negative entropy: xlogxz on R ..

© o o000

1
norms: ||z||, = O |z:|?)? forp > 1.
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How to check (1)

Restrict to line
f :R"™ — Ris convex if and only if the function g : R — R,

g(t) = f(x +tv), dom g = {t|lxr +tv € dom f}
IS convex (in t) for any = € dom f,v € R".

First-order condition
The first order approximation of f is a global underesti-
mator.

oo - (.2, 20

f with convex domain is convex if and only if

flza) = f(z1) + V(1) (z2 — 21)
forall z1, 29 € dom f.
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Second-order condition
The hessian is positive semi-definite.

_ O f(z)
B 8%-6’:1:3-’

1,7=1,...,n

Ve f ()

f is convex if and only if
V2f(z) = 0forall z € dom f.




How to check (3)

Show that f is obtained from simple convex functions by
operations that preserve convexity

® nonnegative weighted sum

® composition with affine function

® pointwise maximum and supremum
® composition

$ minimization

® perspective

G. Rétsch, C.S. Ong and P. Philips: Advanced Methods for Sequence Analysis, Page 18



Constrained Optimization (generally hard)

min, f0(£U>
subject to f;(z) < 0 for all 4
gj(x) =0 for all j

Convex Optimization (generally easy)

min, fo(ﬂf)
subject to f;(z) < 0 for all ¢

T _ B, :
a;x = b; forall j

fo, f1,..., fm are convex, and the equality constraints are
affine Boyd and Vandenberghe [2004].




MAX-PLANCK-GESELLSCHAFT

min, ¢'x+d
subject to Ga < h
r=>0




MAX-PLANCK-GESELLSCHAFT

min, 1z'Pr+q'z+r

subject to Gax < h
Ax =0




Quadratically constrained quadratic program

min, %CETP()ZIZ' + q(—)r.T + 70
subject to §xTP0:c +qqx+ 19 < 0forall;

Ax =10
Second order cone program
min, f'x
subject to || Az + bi|l2 < ¢/ x + d; for all 4
Fr=g

Semidefinite program
-

min, c¢'x
subject to 1 F1 + 2o Fy+ ...+ 2, F, + G =<0
Ar =0



Problem reformulations

® equivalent formulations of a problem can lead to very
different duals

® reformulating the primal problem can be useful when the
dual is difficult to derive, or uninteresting.

Common reformulations

#® introduce new variables and equality constraints
® make explicit constraints implicit and vice versa
® transform objective or constraint functions
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Equivalent convex problems (1)

Two problems are (informally) equivalent if the solution of

one is readily obtained from the solution of the other, and
vice-versa.

Eliminating equality constraints

min, fo(z)
subject to fi(z) < 0 for all ¢
Az =10

IS equivalent to

min, fo(Fz+ xo)
subject to fi(Fz + xp) < 0 for all 4
Ar =10

where F and x( are such that Ax = b < x = Fz + x( for
some z.
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Introducing Equality Constraints

min, fo(Agx + b)
subject to f;(A;xz + b) for all 4

IS equivalent to

ming.y, fo(Yo)
subject to f;(y;) < 0, forall ¢

y; = Az + b




Introducing slack variables

min, fO(x>
subject to a, x < b; for all 4

IS equivalent to

minx,s fO(x)
subject to a,' x + s; = b; for all ¢
S; 2 0




Epigraph form

min, fo(x)
subject to fi(x) < 0 for all ;
Axz =10

IS equivalent to

ming ¢ ¢
subject to fo(x) —t <0
fi(z) < 0foralls

Az =0




Minimizing over some variables

minxl,xz fO(x17x2>
subject to f;(x1) < 0for all ¢

IS equivalent to

min,, fo(z;)
subject to fi(x1) < 0for all ¢

where fo(x1) = in fu, folx1, 22).




Lagrange Duality

Lagrangian
L:R" x R"™ x RF — R with
p
Lz, \v) Jrz:)\fZ +Zngj(a:)
j=1

® weighted sum of objective and constraint functions
® ), is the Lagrange multiplier associated with f;(x) < 0.
® v, is the Lagrange multiplier associated with g;(x) = 0.
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Lagrange dual function
h:R™x R —- R,

h(\,v) =inf L(z, A\, v).

h is concave.
Lagrange dual problem

max)\,l/ h<)‘7 V)
subject to A > 0




Checking for Optimality

If x, A\, v satisfy the KKT conditions for a convex problem,

then they are optimal.
The following four conditions are called the Karush-Kuhn-

Tucker (KKT) conditions:
® primal constraints: f;(z) <0, g;(z) =0
® dual constraints: A > 0

® complementary slackness: \;f;(z) =0
® gradient of Lagrangian with respect to x vanishes:

V folz +Z>\sz +ZVVg]
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Summary

® Machine Learning as Numerical Optimization
® Unconstrained Optimization

o Gradient Descent
# Newton Method

® Constrained Optimization

#® Convex Functions and Convex Sets
® Common Problem Formulations
o KKT conditions

® http://www.stanford.edu/ "boyd/cvxbook/
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