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® Part I: Introduction to Boosting

1. Basic Issues, PAC Learning
2. The Idea of Boosting
3. AdaBoost’s Behavior on the Sample

® Part ll: Some Theory

4. Generalization Error Bounds
5. Boosting and Large Margins
6. Leveraging as Greedy Optimization

® Part lll: Extensions and Applications

7. Boosting vs SVMs
8. Improving Robustness & Extensions
9. Applications

Slides available from the wiki and from
http://www.fml.mpg.de/ raetsch/boostintro
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The ‘World’:

Data: {0, yn) 121, % € Ry, € {21}
Unknown target function: y = f(x) (or y ~ P(y|x))
Unknown distribution: X ~ p(x)

Objective: Given new x, predict y

Problem: P(x,y) is unknown!|




The ‘Model’
Hypothesis class: 3 = {h|h:R? — {£1}}
Loss: l(y, h(x)) (e.g. I[y # h(x)])

Objective: Minimize the true (expected) loss — “gener-

alization error” ' é ' ‘ / .v
h* = argmin L(h) with|L(h) := Ex.y [(Y, h(X))| ‘
heH

Problem: Only have a data sample available, P(x,y) is @ ' ‘ " " C:

unknown!
Solution: Find empirical m|n|m|zer

hN = argmin — Uy, h(x,
heH Z ))

How can we efficiently construct complex hypotheses

with small c-;eneralization errors?
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Input: Sample Sy = (x1,41), - - ., (Xn,Yn) (

=
G Hypothesis class 3 > h Xy
& Accuracy parameter ¢
Confidence parameter ¢
Algorithm a mapping from Sy to H, L : Sy — hy
Output function hy from 3
Requirements 1. Probably Approximately Correct:
Pr (SN . L(hy) — L(h*) > e) <
E where h* = argmin, .4 EI(Y, h(X))
§ 2. “efficient”:
nicht rot sehr rot = polynomial runtime in N, 1/¢,1/0
Recall Assumption: Restricted setting, i.e. h? € 3
W= ar,?;?}““h) Strong PAC Learning: Demand small error with high prob-
hP = argmin L(h)  (h unrestricted) ability: A
h Pr (SN L(hy) — L(h*) > e) < (1)

Restricted Setting: Assume h” = h* € X, require
L(hy) = L(K")
Agnostic Setting: Assume nothing about 1”, require

for arbitrary (small) e and §

Weak PAC Learning: Demand that (1) holds for e and o
® Example: Binary classification, require that error ¢ is

L(hy) - L(h*) smaller than 1/2:
- - . . B 0 1 .
Universal Setting: Assume nothing about 1", require €< 5(1 — ) for some fixed v > 0

~ P B
L(hy) — L(h
(h) (h7) With Boosting one can obtain a strong learner from a
weak learner!



Main Sources:

® Freund 1995, Freund & Schapire 1996
® Schapire, Freund, Bartlett & Lee 1998
® Breiman 1996

» Simple hypotheses are not perfect!
» Hypotheses combination =- increased accuracy
® Problems:
» How to generate different hypotheses?
» How to combine them?
® Method:
» Compute distribution dy, ..., dy on examples
» Find hypothesis on the weighted training sample

<X17y17d1)7 ceey (XNayNadN)
» Combine hypotheses hy, hs, ... linearly:
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Early Algorithms

Boosting by Filtering (Schapire 1990)

® Run weak learner on differently filtered example sets
® Combine the weak hypotheses; Complex
® Requires knowledge on the performance of weak learner

Boosting by Majority (Freund 1995)

® Run weak learner on same, but differently weighted set
® Combine the weak hypotheses linearly — Majority vote
® Requires knowledge on the performance of weak learner

Bagging (Breiman 1996)

® Run learner on bootstrap replicates of the training set
® Average weak hypotheses — Majority vote

® Shown to reduce the variance (in regression)

# not emphasizing “difficult” examples
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Ensemble learning for classification

® Ensemble for binary classification consists of
» Hypotheses (basis functions) {/(x) :t=1,...,T}
s of some hypothesis class H{ = {h | h: x — +1}
» Weights o = [y, .. ., ap]
» satisfying a; > 0
® Classification Output: weighted majority of the votes

» fens(x) = Zthl arhy(x)
# How to find the hypotheses and their weights?

+ Boosting by Filtering (Schapire 1990)
+ Boosting by Majority (Freund 1995)
— Bagging (Breiman 1996): a; = 1/T
+ AdaBoost (Freund & Schapire 1996)
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AdaBoost algorithm

Input: N examples {(x1,21),..., (XN, yn)}
Initialize: dg) =1/Nforalln=1...N
Do fort=1,...,T,

1. Train base learner according to example distribution d) and
obtain hypothesis h; : x — {£1}.

2. compute weighted error ¢ = 2711\[:1 dg)l(yn # hi(x,))

3. compute hypothesis weight a; = %loglz—:t fenl)

A LY

4. update example distribution
A = dW exp (—ynhi(x2)) /20 o | e | e -

Output: final hypothesis fgs(x) = Zthl ahy(x)
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® generates “simple” hypotheses ® Decision stumps (axis parallel splits)
= Uses small base hypothesis set H ® Decision trees (e.g. C4.5 by Quinlan 1996)
® Should (approximately) minimize weighted error ® Multi-layer Neural networks (e.g. for OCR)
hy = argmin ¢(h) ® Radial basis function networks (e.g. UCI benchmarks,
heH etc)
where N Decision trees:
er(h) = Z dD1(y, # h(x,)) ® Hierarchical and recursive partitioning on the input space
n=1 » Many approaches usually axis parallel splits

® Often resampling techniques are used

» Randomly draw subsets according to distribution d(*)
» Run weak learner on the subset
= Allows usage of arbitrary weak learner

Impossible

.is equivalent to minimizing the following loss functlon in
each iteration:

o) = 3 d exp(—ay,hu(x.)

n=1

Excercise!
Use that /y(x,) € {—1,+1} and ¢ = 3, d\P1(y, # h(x,))

n=1

Main Sources:
® Freund & Schapire 1996
® Schapire, Freund, Bartlett & Lee 1998



Motivation: Lose information in classifying a point as +1 ® Function set used in boosting: Convex Hull of H
Observation: Have higher confidence in correctly classi-
fied points, which are far from the decision boundary fixe Z aph(x) | an 20, Z ap =1
heXH heH

Suggestion: Use real number to indicate confidence
® the o’s are the parameters

® Find a hyperplane in the Feature Space spanned by the
hypotheses set H = {hy, hs, ...}

® Margin p for an example (x;, y,,) and fed:

Margin:

Hyperplane: pu;(x,y) = y(w'x + ) pul) =y (%) —yzz ()

Ztt

® Margin p for a function f € F by p(a) == I{un o)

.....

Input space X Feature space &
X +|—
D
@ @_,
A
L o
S Empirical margin error:
Linear separation in JF is B . 1
nonlinear separation in in- £ = h25x) ’ Ly(f) = sz[ynf(%) <0
ut space | =
PHtsP H = {h1, hy, ...}

(Scale of # and f must match!)



Lemma: Assume h;(z) € {—1,+1} and 7z, = XN: ! ¢~ wmothu(rn)
> ()
= —1,+1)).
fT<$> 25;1 @ (f € [ , + ]) _ Z dze—at + Z dileat
Then tyn=h(xp) iynF#he(xp)

= (1 —e)e ™+ ege™

IA/?V(fT) = %Z I[ynfT(xn) < 0]

T T
. T yfriz) <0 = yZatht(x) < OZat
0> 1 1oy t=1 t=1
S € =1 (E Zt) ) T T
: : N - >
where Z, is computed in AdaBoost: - P ( 4 tz:; auhi(z) +0 tz:; at) =
N T T
Zy = Z dt e~vnethi(xn) Hence, Ifyf(z)<6] <exp (—y Z ahy(x) + 6 Z at>

n=1 t=1 t=1

dH = gt exp (—ouynhi(,))

Claim: Selecting o, = (1/2) In((1—¢;)/¢;) leads to the bound

Zt Zt = 2\/ 6t<1 — Gt).

Cexp (= X0 ol () Proof: Straightforward by substitution (c; is minimizer of

= Induction
il 2, ( ) Zi{au) A )
E{I[yf(z) <0} <E {e—yz;il arhy()+0 5, at} Conclusion: Recall LY(f) = 5 32, 1 [ynf(wn) < 0]
1 0 o al —yn ST gy (an) T 2 1-6 1+6

=5¢ tze g dt= A Ly(fr) < H de, (1 — &)
n=1 t=1
T N

:eﬁzg;lat HZt ZdT—i-l If €t=1/2_7t/2’ fytZOVt
e — " Then L%(fr) — 0 exponentially fast!

=1



N
Consider 0 = 0:  Ly(f) Z [y f () < 0]

Usinglnz <z —1

T
v(fr) SH\/I—M

T
oy T 2 .
<e Pt 0 Ifg 2 — oo
t=1

Error can be driven to zero, if weak learner are suffi-
ciently strong

If v > ~ (Vt), then training error is zero after

2log N
<[]
Y

Margin plots: Histogram of y,, fr(x,), n =1,2,...,N
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Observation:

® AdaBoost increases the margins of most points
® Bagging has a broader spectrum of distributions
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AdaBoost tends to increase small margins, while decreasing large margins
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Source: Schapire et al. 1998, Ratsch et al., 1998



